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Abstract. It is proved that for a cosine family {c(t)}t∈R in a normed
algebra with a unity e, the following assertions hold: (1) If supt∈R ‖c(t)−
e‖ < 2, then c(t) = e for every t ∈ R. (2) If lim supt→0 ‖c(t) − e‖ < 2,
then limt→0 c(t) = e. It is also shown that the two respective results,
each specific for one of the assertions, are equivalent.
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1. Introduction

Recently, Schwenninger and Zwart [28] proved the zero-two law for cosine
families asserting that if {C(t)}t∈R is a strongly continuous cosine family on
a Banach space X such that

lim sup
t→0

‖C(t)− IX‖ < 2, (1.1)

where IX denotes the identity operator on X, then

lim
t→0
‖C(t)− IX‖ = 0. (1.2)

The theorem can equivalently be rephrased as saying that the infinitesimal
generator of a strongly continuous cosine family {C(t)}t∈R satisfying (1.1)
is a bounded operator. Schwenninger and Zwart’s result is a generalisation
of an earlier result of Fackler [16] which ensures that (1.2) holds under the
additional assumption that the cosine family {C(t)}t∈R can be represented
as

C(t) =
1

2
(G(t) +G(−t)) (t ∈ R),

where {G(t)}t∈R is a strongly continuous group on X; this assumption is au-
tomatically satisfied when X has the UMD property [18], and in particular
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whenX is a Hilbert space. Schwenninger and Zwart’s result also partially gen-
eralises Arendt’s 0–3/2 law for cosine functions [3] asserting that if {C(t)}t∈R
is a cosine family on a Banach space X, not necessarily strongly continuous,
such that

lim sup
t→0

‖C(t)− IX‖ < 3/2,

then

lim
t→0
‖C(t)− IX‖ = 0.

The zero-two law for cosine functions has had its earlier counterparts for
semigroups and groups of operators on a Banach space, namely as zero-one
laws for semigroups [4, Part II, Lemma 3.1], [14], [29, Remark 3.1.4], and
zero-two laws for groups [8, 13, 16, 22, 24, 26], [27, Section 2.4, Corollary
4.13], respectively.

Schwenninger and Zwart used their zero-two law to prove the following
isolability result: if {C(t)}t∈R is a strongly continuous cosine family on a
Banach space X such that

sup
t∈R
‖C(t)− IX‖ < 2,

then C(t) = IX for each t ∈ R. This result partially generalises the theo-
rem stating that if {C(t)}t∈R is a cosine family on a Banach space X, not
necessarily strongly continuous, such that

sup
t∈R
‖C(t)− IX‖ < 3/2,

then C(t) = IX for each t ∈ R. The theorem has an elementary proof based
on a straightforward adaptation of the proof of Arendt’s 0–3/2 law for cosine
functions, and generalises the result of Bobrowski and Chojnacki [5] stating
that if a strongly continuous cosine family {C(t)}t∈R satisfies

sup
t∈R
‖C(t)− IX‖ < 1,

then C(t) = IX for each t ∈ R, and the companion result of Chojnacki [9]
giving the same conclusion without the need to assume that the cosine family
is strongly continuous.

Schwenninger and Zwart’s isolability result and the above-mentioned
related results all imply that the identity cosine family on a Banach space
X, defined by C(t) = IX for each t ∈ R, is an isolated point in the space of
bounded strongly continuous cosine families on X when this set is endowed
with the metric of uniform convergence corresponding to the operator norm
on L (X). Here, of course, L (X) denotes the Banach space of all bounded
linear operators on X. The latter result is a special case of a more general
result stating that the so-called scalar cosine families (which, by definition,
are the cosine families comprised entirely of scalar multiples of the identity
operator) are isolated points in the space of bounded strongly continuous
cosine families on a Banach space [5]. A strong quantitative form of this
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result asserts that if a ∈ R and C = {C(t)}t∈R is a cosine family on a Banach
space X such that

sup
t∈R
‖C(t)− (cos at)IX‖ <

8

3
√

3
,

then C(t) = (cos at)IX for each t ∈ R. Here C may not be strongly continu-

ous. For a 6= 0, the constant 8/(3
√

3) is optimal and cannot be replaced by
any larger number; see [6, 15].

The purpose of this paper is to extend the two results of Schwenninger
and Zwart stated above to the case of cosine families in a normed algebra.
Critically, the cosine families appearing in our respective extensions will not
be assumed continuous in general. This in particular implies that both results
of Schwenninger and Zwart are valid for operator-valued cosine families that
are not necessarily strongly continuous. As an additional result, we show that
our two extensions are in fact equivalent—each implies the other.

2. Preliminaries

We start with some basic definitions. Let A be a normed algebra, real or
complex, with a unity e. A family {g(t)}t∈R in A is called a one-parameter
group if

(i) g(s)g(t) = g(s + t) for all s, t ∈ R (Cauchy’s functional equation, also
called the exponential equation),

(ii) g(0) = e.

A family {c(t)}t∈R in A is called a one-parameter cosine family if

(i) 2c(s)c(t) = c(s + t) + c(s − t) for all s, t ∈ R (d’Alembert’s functional
equation, also called the cosine functional equation),

(ii) c(0) = e.

An L (X)-valued group (cosine family), where X is a normed space, is termed
a group (cosine family) on X. A family {xλ}λ∈Λ in a normed space is said to
be bounded if supλ∈Λ ‖xλ‖ < ∞.

Next, we present two auxiliary results. Let T denote the unit circle in
the complex plane. Let R denote the group of all real numbers with addition.
Recall that if G is an Abelian group, written additively, then a (unitary)
character of G is a mapping χ : G→ T satisfying χ(g+h) = χ(g)χ(h) for all
g, h ∈ G. A character of a group is trivial if it takes the value of one for all
group elements.

Lemma 1. If χ is a non-trivial character of R, then the image of R by χ is
dense in T.

Proof. Let χ be a non-trivial character of R. Then the image χ(R) of R by

χ is a subgroup of T, and the closure χ(R) of χ(R) in T is a closed subgroup

of T. Consequently, χ(R) is either finite or all of T (see e.g. [23, Section 2,
Corollary 3]).
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Suppose that χ(R) is finite. Then a fortiori χ(R) is finite and there
exists k ∈ N such that χ(t)k = 1 for every t ∈ R. In particular, χ(t/k)k = 1
for every t ∈ R. But χ(t/k)k = χ(t) for each t ∈ R, so χ(t) = 1 for each t ∈ R,

contrary to the assumption that χ is non-trivial. Thus χ(R) is not finite, and

so χ(R) is all of T. �

Lemma 2. If χ is a character of R such that

sup
t∈R

∣∣∣∣12(χ(t) + χ(−t))− 1

∣∣∣∣ < 2, (2.1)

then χ is trivial.

Proof. Let χ be a character of R satisfying (2.1). Assume towards a contradic-
tion that χ is not trivial. Then, by Lemma 1, χ(R) is dense in T. In particular,
there exists a sequence {tn}n∈N of real numbers such that limn→∞ χ(tn) =

−1. But then we also have limn→∞ χ(−tn) = limn→∞ χ(tn) = −1 and fur-
ther limn→∞ |(χ(tn)+χ(−tn))/2−1| = 2, which is not compatible with (2.1).
Thus χ is trivial, as was to be proved. �

3. An isolability result

Here we establish the first of our main results: a generalisation of Schwen-
ninger and Zwart’s isolability result to the case of cosine families in normed
algebras.

Let A be a complex normed algebra with a unity e. For any a ∈ A,
let σ(a), or σA(a) when more specificity is needed, denote the spectrum of
a in A, and let r(a) denote the spectral radius of a. An element a of A
is said to be power bounded if and only if supn∈N ‖an‖ < ∞. An invertible
element a of A is called doubly power bounded if both a and a−1 is power
bounded. The spectral radius formula implies that if a is power bounded,
then r(a) ≤ 1; also, if a is doubly power bounded, then σ(a) ⊂ T. A result
of vital importance for us concerning doubly power bounded elements is the
following.

Theorem 1 (Gelfand [17]). Let A be a complex Banach algebra with a unity e
and let a be a doubly power bounded element of A. If σ(a) = {1}, then a = e.

Gelfand’s theorem can be proved in a number of different ways (see e.g.
[2, Theorem 1.1], [17], [25, Corollary 4.2]). It has various generalisations, of
which one is due to Hille [20] (see also [21, Theorem 4.10.1]) and is usually
referred to as the Gelfand–Hille theorem. The Gelfand–Hille theorem states
that if a is an element of a complex Banach algebra with a unit e such
that σ(a) = {1}, then (a − e)r = 0 for some r ∈ N if and only if ‖an‖ =
O(nr−1), or ‖an‖ = o(nr), as |n| → ∞. For an informative account of various
developments related to the Gelfand–Hille theorem, see [30]; and for modern
generalisations of this theorem, see [12] and the references therein.
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Let I be a set and X be a normed space. We denote by l∞(I,X) the
space of all bounded functions from I to X, endowed with the (supremum)
norm

‖f‖∞ = sup
i∈I
‖f(i)‖ (f ∈ l∞(I,X)).

For an element x of X, x will stand for the constant function on I with value
x.

Theorem 2. Let A be a normed algebra with a unity e, and let c = {c(t)}t∈R
be a cosine family in A such that

sup
t∈R
‖c(t)− e‖ < 2.

Then c(t) = e for every t ∈ R.

The proof will closely follow the proof of the main result of [6] stating
that if A is a normed algebra with a unity e, a is a real number, and {c(t)}t∈R
is an A-valued cosine family such that

sup
t∈R
‖c(t)− (cos at)e‖ < 8

3
√

3
,

then c(t) = (cos at)e for all t ∈ R.

Proof of Theorem 2. For each t ∈ R, we define a linear operator C(t) on
l∞(R,A) by

(C(t)f)(s) = c(t)f(s) (f ∈ l∞(R,A), s ∈ R).

Clearly, C(t) is bounded with ‖C(t)‖ ≤ ‖c(t)‖. Since C(t)e = c(t) and ‖e‖∞ =
1, we see that, in fact, ‖C(t)‖ = ‖c(t)‖. It is plain that {C(t)}t∈R is a cosine
family on l∞(R,A). For each t ∈ R, we have

((C(t)− Il∞(R,A))f)(s) = (c(t)− e)f(s)

for any f ∈ l∞(R,A) and any s ∈ R, and this implies, as above, that

‖C(t)− Il∞(R,A)‖ = ‖c(t)− e‖.
Let 0 < δ < 2 be such that ‖c(t)− e‖ ≤ δ for all t ∈ R. Then, clearly,

‖C(t)− Il∞(R,A)‖ ≤ δ (3.1)

for all t ∈ R.
Given t ∈ R, let Tt denote the operator of translation by t on l∞(R,A)

defined by

(Ttf)(s) = f(s+ t) (f ∈ l∞(R,A), s ∈ R).

Clearly, Tt is a surjective linear isometry, with inverse T−t.
As ‖c(t)‖ ≤ ‖c(t) − e‖ + ‖e‖ ≤ δ + 1 for all t ∈ R, the cosine family

c = {c(t)}t∈R is bounded—that is, c is a member of l∞(R,A). Let Z be the
linear space of all functions z in l∞(R,A) of the form

z =

n∑
k=1

αkTskc,
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where αk ∈ R or αk ∈ C (depending on which field of scalars A is considered
over) and sk ∈ R for k = 1, . . . , n. It is clear that Z is invariant under each
Tt, t ∈ R. Given S ∈ L (X), where X is a linear space, and Y ⊂ X such that
S(Y ) ⊂ Y , we write S|Y to denote the restriction of S to Y . For each t ∈ R,
let

T̃t = Tt|Z .
The family {T̃t}t∈R is a one-parameter group on Z. Moreover, since ‖T̃t‖ ≤ 1,

‖T̃−t‖ ≤ 1, and 1 = ‖IZ‖ ≤ ‖T̃t‖ ‖T̃−t‖, we see that ‖T̃t‖ = 1 for each t ∈ R.
Let t ∈ R. If z is a member of Z and is written as

∑n
k=1 αkTskc, where

αk ∈ R or αk ∈ C and sk ∈ R for k = 1, . . . , n, then, for each s ∈ R,

(C(t)z)(s) = c(t)

n∑
k=1

αkc(s+ sk)

=
1

2

(
n∑
k=1

αkc(s+ sk + t) +

n∑
k=1

αkc(s+ sk − t)

)

=
1

2
(Ttz + T−tz)(s).

Thus Z is an invariant subspace for C(t) and we have

C(t)|Z =
1

2
(T̃t + T̃−t).

Let B0 be the subalgebra of L (Z) generated by the T̃t’s. Obviously, B0 is a
commutative normed algebra with unity, the unity element being the identity
operator IZ . Let C̃ = {C̃(t)}t∈R be the B0-valued cosine family defined by

C̃(t) =
1

2
(T̃t + T̃−t) (t ∈ R).

Then, for each t ∈ R,

C̃(t) = C(t)|Z ,
and further, on account of (3.1),

‖C̃(t)− IZ‖ ≤ δ.

Let B denote the completion of B0, complexified if B0 is real. Clearly, B is
a commutative Banach algebra with unity, the unity element being again
the identity operator IZ . Let ∆(B) denote the set of all complex-valued
homomorphisms on B, and let φ ∈ ∆(B). Then

φ(T̃s+t) = φ(T̃sT̃t) = φ(T̃s)φ(T̃t)

for any s, t ∈ R. Moreover, for any t ∈ R,

|φ(T̃t)| ≤ ‖φ‖‖T̃t‖ = 1,

where we exploited the equality ‖φ‖ = 1 (see e.g. [10, Theorem 3.1.3]) to-

gether with the earlier-noted fact that ‖T̃t‖ = 1. Likewise,

|φ(T̃−t)| ≤ 1.
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Since

φ(T̃t)φ(T̃−t) = φ(T̃tT̃−t) = φ(T̃0) = 1,

we also have

1 ≤ |φ(T̃t)||φ(T̃−t)|.
Combining these inequalities together, we conclude that

|φ(T̃t)| = |φ(T̃−t)| = 1.

Thus the mapping t 7→ φ(T̃t) is a character of R. In addition, for each t ∈ R,∣∣∣∣12(φ(T̃t) + φ(T̃−t)
)
− 1

∣∣∣∣ =

∣∣∣∣φ(1

2
(T̃t + T̃−t)− IZ

)∣∣∣∣
≤ ‖φ‖‖C̃(t)− IZ‖ ≤ δ.

Now, Lemma 2 guarantees that φ(T̃t) = 1 for all t ∈ R. Fix t ∈ R arbitrarily.
Then

σB(T̃t) = {φ(T̃t) | φ ∈ ∆(B)} = {1}, (3.2)

where the first equality stems from the well-known fact that σC(c) = {φ(c) |
φ ∈ ∆(C)} for any element c of a complex commutative Banach algebra C

with unity (see e.g. [10, Theorem 3.2.2]). Since, for each t ∈ R, T̃t is doubly

power bounded (recall that ‖T̃t‖ = 1 and ‖T̃−1
t ‖ = ‖T̃−t‖ = 1), it follows

from (3.2) and Theorem 1 that T̃t = IZ for each t ∈ R. Hence, C̃(t) = IZ for

each t ∈ R, and, in particular, C̃(t)c = c for each t ∈ R. But

(C̃(t)c)(0) =
1

2

(
c(t) + c(−t)

)
= c(t) and c(0) = e.

Therefore c(t) = e for each t ∈ R, as was to be proved.
�

4. A zero-two law

Here we establish our second main result: a zero-two law for one-parameter
cosine families in a normed algebra. The proof will make use of the concept
of ultrapower of normed spaces. We start with a brief adumbration of the
ultrapower construction. For more details, see e.g. [11, Chap. 8] or [19].

Recall that a family U of subsets of a set I is called a filter on I if
it is closed under finite intersections, does not contain the empty set, and
whenever A ⊂ B ⊂ I with A ∈ U then B ∈ U . A maximal (with respect
to inclusion) filter is called an ultrafilter. By Zorn’s lemma every filter is
contained in an ultrafilter. An ultrafilter U is called free, or non-principal,
if the intersection of all sets in U is empty. A function f : I → X, where X
is a topological space, is said to converge to x ∈ X with respect to a filter
U on I, in symbol x = limi→U f(i), provided for every open set G ⊂ X
containing x the inverse image f−1(G) belongs to U . A Hausdorff space X
is compact if and only if every function f : I → X converges (to a unique
point) with respect to any free ultrafilter U on I. Let I be a set, let U be a
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free ultrafilter on I, and let X be a normed space. Let ||| · ||| be the seminorm
on l∞(I,X) defined by

|||f ||| = lim
i→U

‖f(i)‖ (f ∈ l∞(I,X)).

The limit exists thanks to the fact that a closed bounded interval of the real
line is compact. The quotient of l∞(I,X) with respect to the closed subspace
NU of all f with |||f ||| = 0, equipped with its canonical quotient norm, is a
linear space called the ultrapower of X with respect to U , and is denoted
by (X)U . For each f ∈ l∞(I,X), we denote by fU the image of f under the
quotient map from l∞(I,X) to (X)U . The norm of fU is given by

‖fU ‖ = lim
i→U

‖f(i)‖.

As it turns out, if X is a Banach space, then (X)U is a Banach space too. If
A is a normed algebra, then also (A)U is naturally a normed algebra; this
follows from the fact that l∞(I,A) with pointwise addition and multiplication
as well as the supremum norm is a normed algebra, and NU is a closed ideal
in l∞(I,A). If A has a unity e, then also (A)U has a unity, namely the class
eU , where e denotes, let us recall, the constant function on I with value e.

Theorem 3. Let A be a normed algebra with a unity e, and let c = {c(t)}t∈R
be cosine family in A such that

lim sup
t→0

‖c(t)− e‖ < 2.

Then limt→0 c(t) = e.

Proof. It suffices to show that limn→∞ ‖c(sn) − e‖ = 0 for every sequence
{sn}n∈N of real numbers converging to zero. Let {sn}n∈N be any such se-
quence. Let 0 ≤ δ < 2 be such that lim supt→0 ‖c(t)− e‖ ≤ δ. Then, for each
t ∈ R,

lim sup
n→∞

‖c(snt)− e‖ ≤ lim sup
s→0

‖c(s)− e‖ ≤ δ, (4.1)

implying that
lim sup
n→∞

‖c(snt)‖ ≤ 1 + δ.

In particular, the sequence c̃(t) defined by

c̃(t) = {c(snt)}n∈N
is bounded. Clearly, {c̃(t)}t∈R is a cosine family in l∞(N,A). Let U be a free
ultrafilter on N. Then {c̃(t)U }t∈R is a cosine family in (A)U and, for each
t ∈ R, we have

‖c̃(t)U − eU ‖ = lim
n→U

‖c(snt)− e‖. (4.2)

Now, with t ∈ R arbitrarily fixed,

lim
n→U

‖c(snt)− e‖ ≤ lim sup
n→∞

‖c(snt)− e‖. (4.3)

Indeed, otherwise

lim sup
n→∞

‖c(snt)− e‖ < α < lim
n→U

‖c(snt)− e‖
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for some α > 0. Then limn→U ‖c(snt)− e‖ is contained in the open interval
(α,∞) and, by the definition of limit with respect to a filter, the set A defined
by

A = {n ∈ N | ‖c(snt)− e‖ > α}
belongs to U . On the other hand, by the definition of limes superior, there
exists k ∈ N such that

sup
n>k
‖c(snt)− e‖ < α.

This implies that ‖c(snt) − e‖ < α for all n > k and further implies that
A is a subset of {1, . . . , k} and as such is finite. But this impossible, since
non-principal ultrafilters do not contain finite sets (see e.g. [1, Lemma 2.19]).
The validity of (4.3) is established.

Combining (4.1)–(4.3), we see that ‖c̃(t)U − eU ‖ ≤ δ for each t ∈ R.
Hence, in view of Theorem 2, c̃(t)U = eU for each t ∈ R. In particular,
c̃(1)U = eU , or equivalently, limn→U ‖c(sn)−e‖ = 0. Since U was arbitrarily
chosen as a free ultrafilter on N, it follows that, in fact, limn→∞ ‖c(sn)−e‖ = 0
(see e.g. [7, §7.4, Corollary 1]). This completes the proof. �

5. An equivalence result

We complete the paper by proving the equivalence of the results proved thus
far.

Theorem 4. Theorems 2 and 3 are equivalent.

Proof. As Theorem 3 was deduced from Theorem 2, we only need show that
Theorem 3 implies Theorem 2. To this end, we use an argument similar to
that used to establish item (2) of Theorem 3.1 in [28]. Let A be a normed
algebra with a unity e and let {c(t)}t∈R be a cosine family in A such that
supt∈R ‖c(t)− e‖ < 2. For each t ∈ R, let

c̃(t) = {c(nt)}n∈N.

Clearly, {c̃(t)}t∈R is a cosine family in l∞(N,A). Let 0 < δ < 2 be such that
‖c(t) − e‖ ≤ δ for all t ∈ R. Then ‖c̃(t) − e‖∞ ≤ δ for each t ∈ R and a
fortiori lim supt→0 ‖c̃(t)− e‖∞ ≤ δ. Now, assuming Theorem 3, we find that
limt→0 ‖c̃(t)− e‖∞ = 0. In particular, for any t ∈ R,

lim
n→∞

‖c̃(t/n)− e‖∞ = 0.

But, for each n ∈ N, the n-th element of the sequence c̃(t/n) equals c(t), so

‖c(t)− e‖ ≤ ‖c̃(t/n)− e‖∞.

Consequently, c(t) = e. We have thus deduced Theorem 2 from Theorem 3,
as desired. �
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