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Abstract cations of a pair of corresponding points); ande) =
[ui(x),...,u(x)]T is a vector with the data trans-

Previous work of the authors developed a theoreti- formed in a problem-dependent manner such that: (i)
cally well-founded scheme (FNS) for finding the min- each component;(x) is a quadratic form in the com-
imiser of a class of cost functions. Various problems in pound vector[z”', 1]7, (ii) one component is equal
video analysis, stereo vision, ellipse-fitting, etc, may to 1. A common form of the ancillary constraint is
be expressed in terms of finding such a minimiser.

However, in common with many other approaches, it $(0) =0, (2)
is necessary to correct the minimiser as a post-process
if an ancillary constraint is also to be satisfied. In this
paper we develop the first integrated scheme (CFNS)
for simultaneously minimising the cost function and #(10) = t"¢(8) 3)
satisfying the constraint. Preliminary experiments in
the domain of fundamental-matrix estimation show for every non-zero scalar. The estimation prob_
that CFNS generates rank-2 estimates with smaller |em can now be stated as follows: Given a collection
cost function values than rank-2 corrected FNS esti- (5 .} of image dataand a meaningfutost
mates. Furthermore, when compared with the Hartley- fynctionthat characterises the extent to which any par-
Zisserman Gold Standard method, CFNS is seen totjcylar 6 fails to satisfy the system of the copies of
generate results of comparable quality in a fraction of equation (1) associated with = =; (i = 1,...,n),
the time. find @ # 0 satisfying (2) for which the cost function
attains its minimum. With the aid of the principle of
maximum likelihood, a compelling case may be made
1. Introduction for adoption of the cost function

where ¢ is a scalar-valued functiohomogeneousf
degreex—that is such that

Many problems in computer vision involve estimat- JamL(0; 1, ... x,)
ing the parameters that constrain a set of image fea- 0" wu(z;)u(z;) 7O
ture locations. In some cases, the parameters are sub- Z T T
ject to ancillary constraintsnot involving feature lo- 0" 0z (@) Az, Oz u(xi)" 0
cations. Two example problems of this form are the
stereo and motion problems of estimating coefficients
of the epipolar equation[4], and estimating coeffi-
cients of thedifferential epipolar equatiorfl], each
involving an ancillarycubic constraint The principal
equationthat applies to a wide class of problems, in-
cluding those specified above, takes the form

Y

where, for any lengtt vectory, d,u(y) denotes the

I x k matrix of the partial derivatives of the function
x — u(x) evaluated ay, and, foreach = 1,...,n,
Az, IS ak x k symmetriccovariance matrixdescrib-
ing the uncertainty of the data point; (see [3, 8]).

If Janmy is minimised over those non-zero parameter
vectors for which (2) holds, then the vector at which

OTu(a:) —0. (1) the minimum of Jaur, IS attained, theconstrained
minimiser of Jamr,, defines theapproximated maxi-
Here® = [0,...,0,]T is a vector representing un- mum likelihood estimat@ayyr,. The functionf —
known parameters; = [zy,...,z|T isavectorrep-  Jamw(0;x,. .., x,) is homogeneous of degree zero

resenting an element of the data (for example, the lo- and the zero set o is unaffected by multiplication



by non-zero scalars, sﬁ;;ML is determined only upto  space ofX y; this eigenspace is, of course, the one cor-
scale. responding to the eigenvalue closest to zero in abso-
This paper presents a method for determining lute value. Thdundamental numerical scher(leNS)
Oanp.  Unlike previous approaches, the proposed implementing this idea is presented in Figure 1. The
method handles the ancillary constraint in an inte- scheme is seeded with thedgebraic least squares
grated fashion, not by means of a correction process(ALS) estimate 6,5, defined as the unconstrained
operating upon results of unconstrained minimisation. minimiser of the cost functiodars(0; x1, ..., @,) =
The results of experiments in fundamental matrix es- |0 =2 3", 87 A;0. The estimated s comudes
timation given here indicate that the method attains a up to scale, W|th an eigenvectorpf’_, A; associated
very high level of performance in terms of accuracy with the smallest eigenvalue, and this can be found
and speed. by performing singular-value decomposition (SVD) of

the matrix[u(zy), . .., u(z,)]”.

2. Fundamental numerical scheme

Isolating the constrained minimiser dfyy, is a 1. Setfy = Oars.

challenging problem. Much easier to find is the- 2. Assuming thad;_ is known, compute
constrained approximated maximum likelihood esti- the matrixX o, ..

mate OAML, defined as thenconstrainedminimiser

of Jamry; it is obtained by ignoring the ancillary con- 3. Compute a normalised eigenvector of
straint and searching over all of the parameter space. X, _, corresponding to the eigenvalue
While 8% ,,, cannot be expressed in closed form, a nu- closest to zero (in absolute value) and
merical approximation to it can be calculated by em- take this eigenvector fdy,.

ploying a suitable numerical scheme [3]. Underpin-
ning numerical calculation is the fact thﬁgML sat-
isfies thevariational equatiorfor unconstrained min-
imisation

4. If 9, is sufficiently close t#;_1, then
terminate the procedure; otherwise in-
crementt and return to Step 2.

) . _ 0T .
[OpJamL (051, ..., @n)]g_gu =0 (4) FiGURE 1. Fundamental numerical scheme.

AML

with 0g Jamr, the row vector of the partial derivatives

of Jamr, With respect t@. Direct computation shows Different but related schemes for numerically solv-
that ing equations like (6) were developed by Leedan and
Meer [9] and Matei and Meer [10]. Yet another
[OoJanr (621, ®,)]" =2X60,  (5)  approach is Kanatani's [8, Chap. Binormalisation
scheme, in which an estimate is sought at which
where JeJJam1, IS approximately zero (see [2] for details).
"4 " 9T A0 FNS has the advantages that it aims to minimise a
Xo = Z BTBZ-G - Z mBi; cost function which is statistically well founded, pro-
i=1 i=1 ' vides a genuine means for theoretically calculating the
A; = u(z)u(z;)”, B; = 0pu(x;)Ag, dpu(x;)’. minimiser, and is simply expressed and efficient. Fur-
thermore, FNS proves useful in determining theoreti-
Thus (4) can be written as cal relationships between various existing methods of
minimising Jam, (see [2]).
[XBB]QZEZML =0, (6)

3. Constrained fundamental numerical

roviding a convenient basis for determinif .
P g i scheme

A straightforward algorithm for numerically solving
this equation can be derived by realising that a vec-
tor @ satisfies (6) if and only if it falls into the null With all its virtues, FNS lacks a proper accommo-
space of the matriX g. Thusif@;_, is atentative ap-  dation of the ancillary constraint. A standard way of
proximate solution, then an improved solution can be dealing with this problem is to adopt an adjustment
obtained by picking a vectd,, from that eigenspace procedure as a separate post-process (see [8, Chap. 5]).
of Xy, , which most closely approximates the null In contrast, as shown next, it is possible to merge FNS



and the ancillary constraint in a fully consistent, inte-

is homogeneous of degree, it follows that the func-

grated fashion. The resulting scheme, the first of its tion @ — Y4 is consistently homogeneous of degree

kind, is a variant of FNS, in whiclX 4 is replaced by
a more complicated matrix.

The starting point of the development of the new
algorithm is the variational equation for constrained
minimisation

[Oo JamL(0) + A ¢(6)] =07,

6=0amL

¢(5AML) =0,

where )\ is a scalarLagrange multiplier Another
crucial ingredient is the identit@p(0)0 = x¢(0)
obtained by differentiating (3) with respect toand
evaluating att = 1. With this identity, the equa-
tion ¢(#) = 0 is equivalent toa}® = 0, where
ag = [09¢(0)]T /2. Combining this with (5), the sys-
tem (7) becomes

@)

X99+)\(19 = 0,

ay =0,

8)
9)

where all evaluations @t , are dropped for clarity.
Premultiplying both sides of (8) by and bearing in
mind thatal ag = |lag|?, we find that

al X0 + ||ag||* =0

whencel = —|aq|"2af X 6. Consequently, (8)
can be written as

(Xo — ||lag| 2agad Xo)6 = 0. (10)
Let Pg be thel x | matrix given by

Po =1, |ag|| agaj,

whereI; denotes thé x [ identity matrix. Note that
Py is symmetric and obey?2 = Pg. With use of
Py, (10) can be written as

PyXe6 = 0. (11)
In view of (9),
(I, — Pg)0 = ||ag| 2agal®=0. (12)
HencePgy0 = 0, and so (11) immediately leads to
PoXoPgb = 0. (13)
Let Y ¢ be thel x [ matrix defined by
Yo = |0|?PoXoPo + I, — Pp.

Clearly,Y ¢ is symmetric. Since the functigh— Py
is homogeneous of degree 0 and the funcior X

0. In view of (12) and (13),

Y40 =0. (14)
It can be shown that this equation is actually equivalent
to the system comprising (8) and (9).

At this stage, one would hope that a modified FNS
with Yy playing the role ofX ¢ would be a good tool
for calculating@AML. Unfortunately, this algorithm
fails to converge.

As a remedy, we put forward a rather complex mod-
ification. The new algorithm retains the logic of the
tentative one, but now g is replaced by a more com-
plicated matrix ensuring the convergence of the algo-
rithm. The new matrix is derived from a matriZe
chosen so that (14) is equivalent to

Zg = 0. (15)
To defineZg, we need a few preliminaries. Denote
by Hy the Hessian of/ay, at 8. Direct if tedious
calculation shows that

Hy=2(Xg—Ty),

where

B n 2 - r

07 A,0
0" B0

) BieeTBi} .

Let ®y be the Hessian of at 8. For each: €
{1,...,1}, lete; be the length vector whoseth en-

try is unital and all other entries are zero. With these
preparations, set

Zg=Ag+ Bg+ Co,
where

Ag = PgHy(200" — ||0|°1)),
Bo = |6]*|lasl >
1
X [Z('I’geiag + agef{)g)Xg&aZT

i=1

—2“(19”_2(190,5)(900,5@9} ,

$(6) T

Co = ||a9H_21€|:T‘I’9 + agay

0
—L(Q )Ha9||‘2a9a£<1>9]



Note thatZy is not symmetric. Direct calculation
shows that the matrix functior — Ag, 0 — By
and@ — Cy are such thatdgd = |0]|? Py H 0,
Bg6 =0andCy0 = (I, — Py)0 for eachf. There-
fore (15) is equivalent to

(H9||2P9H9 + I, — P9)0 =0,

which is in turn equivalent to (14), as a simple argu- = = ‘
ment shows. ‘
Note thatZ46 = 0 is equivalent to

| mmm W M3

i e N RE

R
m e Mo

—

Qe0 =0 (16) ARy
whereQ, = Z} Zg is a symmetric matrix. This al-
lows Qg to be taken for the ultimate replacement for
X g. The steps of the resultimpnstrained fundamen-
tal numerical scheméCFNS) are given in Figure 2.

1. Setf, = §ALS«
FIGURE 3. The grid, building, and soccer ball

2. Assuming tha#,_; is known, compute ) :
stereo Image pairs.

the matrixQ,, .

3. Compute a normalised eigenvector of
Qg, _, corresponding to the eigenvalue

closest to zero (in absolute value) and Three different stereo image pairs were used, as
take this eigenvector fd#. shown in Figure 3. These pairs exhibit variation in
subject matter, and in the camera set-up used for ac-
quisition. Features were detected in each image using
the Harris corner detector [5]. A set of corresponding
points was generated for each pair by manually match-
ing the detected features. The number of matched
FIGURE 2. Constrained fundamental numerical ~ points was96 for the grid, 44 for the building, and
scheme. 55 for the soccer ball. For each estimation method,
the entire set of matched points was used to compute a
fundamental matrix. The covariances of the data were

. assumed to be default identity matrices corresponding
A necessary condition for CENS to converge t0 a so- v jsotropic homogeneous noise in image point mea-
lution 6~ of (16) is that the smallest (non-negative) ¢ rement.

eigenvalue of@Q,- should be sufficiently well sepa- The basic methods used were:
rated from the remaining eigenvalues. When this con-
dition is satisfied, the algorithm seeded with an esti- e ALS = Algebraic Least Squares
mate close enough ®" will produce updates quickly ¢ FNS = Fundamental Numerical Scheme
converging ta9*. e CFNS = Constrained FNS
¢ GS =Gold Standard Method

4. If 6y, is sufficiently close td;_1, then
terminate the procedure; otherwise in-
crementk and return to Step 2.

4. Experiments

The FNS method has previously been shown to be
We now apply our constrained estimation method operationally equivalent to using a minimisation pro-
to the problem of fundamental matrix computation. cedure such as Levenberg—Marquardt’s directly on
This may readily be expressed within our general Jany [3]. Prior to running ALS, FNS and CFNS, the
problem form, the constraint being that the resulting data were normalised with the use of Hartley’s algo-
matrix is singular. rithm [6]. In our tests, this normalisation improved the



| JamL 9] | Grid Building Soccer

FNS 4.876  1.617 x 10711 ALS+ 15.06 5.347 0.799
FNS+ | 9.493 0 FNS+ | 9.493 4.883 0.813
CFNS | 4.997 3.179 x 10=20 FNS++ | 4.997 2.052 0.442
CFNS+ | 4.997 0 CFNS+ | 4.997 1.878 0.442

GS+ 5.014 1.879 0.442

TABLE 1. Jamr and |¢| values for FNS and
CFENS before and after SVD rank-2 correction: TABLE 2. Jawmr, Values for various rank-2 esti-
grid images case. mates.

| Grid Building Soccer

performance of ALS markedly and had negligible im-
pact on FNS. However, we observed that data normal- ALS+ 10326 0.285  0.0926
isation is a critical requirement for the successful im- FNS+ 10263 0.275  0.0933
plementation of CFNS; the CFNS algorithm failed to FNS++ 1 0.188  0.173  0.0681
converge when used with raw image data. (It emerges CENS+/ 0.188 0.163 0.0681
that normalisation of the data acts to improve sepa- GS+ 0.188  0.163  0.0681
ration of the smaller eigenvalues of the matric@g
involved.) GS is the (MLE) Hartley-Zisserman Gold ) _
Standard method [7] seeded with the FNS estimate. TABLE 3. MLE cost function errors for various

The constraint that a fundamental matrix should ~ rank-2 estimates.
have determinant zero (and hence have rank 2) is ig-
nored by the ALS and FNS methods. Therefore their
estimates are not generally usable without modifica- SVD rank-2 correction upon estimates obtained. It
tion. Given a particular method M, we shall use the emerges that, although FNS provides estimates with
notation M+ to indicate that a direct rank-AZ correc- low values ofJanr, the SVD rank-2 correction pro-

tion to the M estimate is made. An estimdfewith cess (which renders usable fundamental matrices) con-
|F||z = 1 is modified to a rank-2 matri¥’. with siderably worsens the cost function values (ALS esti-
Hf‘CHF = 1 by minimising the distancﬁff - f?C||F mates also suffer this degradation after correction). In
subject to the conditiodet ', = 0, where|| - || de- contrast CFNS generates estimates with low values of

notes the Frobenius norm. This is implemented sim- Jamr that are unaffected by subsequent rank-2 cor-
ply by performing an SVD of the estimate, setting the rection. In other words, CFNS+ considerably outper-
smallest singular value to zero, and recomposing. We forms FNS+.

follow the advice of Hartley and perform this correc-  In Table 2 values o/, are given for the meth-
tion before back-transforming the estimate. ods FNS+, FNS++, CFNS+, and GS+. Note that the

We additionally employ a more sophisticated ancillary constraint is in all cases perfectly satisfied.
rank-2 correction method to FNS that we denote CFNS+ and GS+ give the best results and are essen-
FNS++. It is the composition of three methods: FNS; tially inseparable, while FNS++ is only slightly be-

a more sophisticated, iterative, Kanatani-like correc- hind. FNS+and ALS+ lag much further behind.
tion method; and SVD correction (a final stepto secure ~ Similar results are presented in Table 3, except that
generation of perfectly rank-2 estimates). The iterative comparison is made using the MLE (Gold Standard)

correction is obtained by means of the process residual. Once again, CFNS+ has a lower error than
FNS+, a slightly lower error than FNS++, and is on par
Orr1 =0 — [5e¢(9k)H§: (006 (0:)]7]7" with the much more computationally intensive GS+.

We conclude by pointing out that results of syn-

—1 T
x ¢(0r)H g, [0op(0k)]" thetic image tests give a similar picture [11].

whereH 5: denotes the pseudo-inverseHdf, . .
Each estimator was used to generate a fundamen-2. Conclusion
tal matrix. The values of/y\, and the constraint
residual|¢| are shown for various methods in Table 1. The Jamr, cost function has been shown in many
The intention here is to demonstrate the effects of previous studies to be an important factor in obtain-



ing a first-order approximation to a maximum likeli-
hood estimate. Earlier work of the authors showed
that FNS is a theoretically well-founded and efficient
method for finding the minimiser of sy, given an
initial estimate in the neighbourhood of the global
minimum. However, our experiments with fundamen-
tal matrix estimation show that SVD rank-2 correction
of Jamr's minimiser acts to considerably worsen the
Jamr residual.

CFNS is a variant of the FNS method which in-
corporates constraint in an integrated manner, aiming
simultaneously to minimis&/ayr, and a constraint-
based expression. Our experiments suggest that CFN
achieves a smaller value dfyyir, than is attained by
either SVD rank-2 corrected FNS or SVD rank-2 cor-
rected ALS. It produces only slightly smaller error
than the slower, iteratively rank-2 corrected FNS, but

has the advantage of being a conceptually sounder, in-

tegrated method for constrained minimisation. Fur-
thermore, when compared with the much slower FNS-
seeded GS, it gives almost identical results, both in
terms of Jaumr, residual and GS’s MLE cost function
residual.
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