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Abstract. Various computational techniques have been developed that perform reasonably well in inferring shape
from shading. However, these techniques typically require substantial prerequisite information if they are to evolve
an estimate of surface shape. It is therefore interesting to consider how depth might be inferred from shading
information without prior knowledge of various scene conditions. One approach has been to undertake a pre-
processing step of estimating the light-source direction, thereby providing input to the computation of shape from
shading. In this paper, we present evidence that a versatile light-source-direction estimator is unattainable, and
propose that, in the absence of domain-specific knowledge, shape and light-source direction should be determined
in a coupled manner.
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1. Introduction

The shape-from-shading problem may under certain
assumptions be expressed mathematically as a first-
order partial differential equation [8]. Much informa-
tion is needed to be able to formulate such animage
irradiance equation, a principal requirement being an
appropriate reflectance map [10] relating surface orien-
tation to image brightness. Without this information,
the problem cannot be posed, let alone solved. Even
if the image irradiance equation can be formulated, it
may be difficult to solve, may have many solutions,
or may even have no solutions [2]. A major chal-
lenge in computer vision is to develop a versatile shape-
from-shading algorithm able to operate effectively in

the absence of substantial prerequisite information [9].
Such an algorithm has so far proven elusive.

Most shape-from-shading schemes need to be given
prior information that describes light-source configura-
tion and surface reflectance properties. Various strate-
gies have been employed in an attempt to reduce the
prerequisite requirements of shading algorithms. One
approach, first adopted by Pentland [13], has been to
estimate the direction of the “sun” (light source) prior to
determining shape. In this paper, we argue that this ap-
proach is of limited applicability, and present evidence
that a truly versatile light-source-direction estimator is
unattainable if undertaken as a pre-process to shape
from shading. We propose that, in the absence of sub-
stantial domain-specific knowledge, shape and source
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direction should be determined in a coupled manner.
To our knowledge, this is the first meta-analysis under-
taken in this area.

Note that we discuss the source-direction estimation
problem from the local point of view, restricting our at-
tention to the information content of interior patches of
image shading. Global aspects of the estimation prob-
lem, such as the potential value of occluding boundary
information, are not considered.

The majority of theorems presented herein are not
accompanied by proofs. For an extended version of
this work, including full proofs, the interested reader
is referred to [4].

2. Estimating Source Direction

Estimation of lighting conditions from a given image
requires some understanding of how the depicted sur-
face scatters light. For reasons of tractability, we shall
adopt the Lambertian model with unit albedo that de-
scribes light-scattering properties of perfectly matte
surfaces. Assume that a surface represented by the
graph of aC2 function f is viewed from the direc-
tion specified by the vectore = (0, 0, 1). Suppose
that the surface is illuminated by an infinitely distant
sun from the direction determined by the unit vector
l = (l1, l2, l3). Then the image of the surface over the
corresponding image domain in thexy-plane has irra-
dianceE that takes on values in the interval(0, 1] and
satisfies the image irradiance equation

Rl

(
∂ f

∂x
,
∂ f

∂y

)
= E(x, y), (1)

whereRl is the Lambertian reflectance map

Rl(p,q) = −l1 p− l2q + l3√
p2+ q2+ 1

.

The light-source-direction estimation problemmay
now be expressed simply as the need to determinel
given Rl andE, and not givenf .

In the following, we confine our attention tolocal
aspects of the light-source-direction estimation prob-
lem, assessing whether an illuminant vector can be de-
rived from shading in a neighbourhood (of unspecified
form and size) of a point in an image. As is common
practice in studying local properties of functions, we
shall employ the language ofgerms(cf. [14], Chapter 1,

Paragraph 4). Informally speaking, two functions de-
fine, at a given point, the same germ if they are equal
on some open neighbourhood of that point. Recourse
to the notion of a germ enables extraction of the essen-
tial characteristics of a function in a vicinity of a point.
We start by presenting elements of the terminology of
germs.

Let z be a point in thexy-plane, and letk be a non-
negative integer. Consider the setPk

z consisting of pairs
(U, f ), whereU is an open neighbourhood ofz and
f is a real function that possesses continuous partial
derivatives of order≤k (whenk = 0, we assumef to
be continuous). Introduce a binary relation∼ on this
set by setting

(U, f ) ∼ (V, g)

if there exists an open neighbourhoodW of zcontained
in U ∩ V such that f coincides withg on W. It is
easily seen that∼ is an equivalence relation; that is,
the following conditions are satisfied:

(i) (U, f ) ∼ (U, f );
(ii) (U, f ) ∼ (V, g)⇒ (V, g) ∼ (U, f );
(iii) (U, f ) ∼ (V, g) & (V, g) ∼ (W, h)

⇒ (U, f ) ∼ (W, h).

Given(U, f ) ∈ Pk
z , let [ f ]z be the set of all(V, g) ∈

Pk
z which are equivalent to(U, f ). [ f ]z is called the

equivalence class of(U, f ) for∼, or the germ off atz.
All elements of a given equivalence class are equiva-
lent to one another, as follows at once from the three
properties of an equivalence relation. Furthermore, two
equivalence classes either coincide or have no element
in common. Thus∼ determines a decomposition ofPk

z
into disjoint equivalence classes. Each element of the
class is called a representative of the class. Designate
byCk

z the set of all equivalence classes for∼. Fork = 0,
contract the notationCk

z to Cz. Given [f ]z ∈ Ck
z , define

the value [f ]z(z) of [ f ]z atz as follows: Starting from
a representative(U, f ) of [ f ]z, set [f ]z(z) = f (z); by
the definition of an equivalence relation, this is inde-
pendent of any particular choice of(U, f ) within the
equivalence class [f ]z. A germ [f ]z ∈ Ck

z is positive
if [ f ]z(z) > 0. Any two germs inCk

z can be added
and multiplied, and also germs inCk

z can be multi-
plied by scalars, the results remaining germs inCk

z .
Indeed, given [f ]z, [g]z ∈ Ck

z and a real numberλ, if
(U, f ) and(V, g) are representatives of [f ]z and [g]z,
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respectively, we can define [f ]z + [g]z, [ f ]z[g]z and
λ[ f ]z as the germs atz with the respective representa-
tives(U∩V, f+g), (U∩V, f g)and(U, λ f ). This def-
inition is clearly independent of the initial representa-
tives chosen. If [f ]z(z) 6= 0, then [f ]z can be inverted.
In fact, if we let(U, f )be a representative of [f ]z, then,
by definition, [f ]z(z) = f (z), and so there is an open
neighbourhoodV ⊂ U of z such that f (w) 6= 0 for
eachw ∈ V . Now the equivalence class of(V, 1/ f )
is the inverse of [f ]z. Germs inCk

z with k ≥ 1 can be
differentiated, the derivatives of orderl (1 ≤ l ≤ k)
being members ofCk−l

z . Indeed, if [f ]z ∈ Ck
z with

k ≥ 1 has a representative(U, f ), we can naturally
define∂[ f ]z/∂x and ∂[ f ]z/∂y as the germs inCk−1

z
with the representatives(U, ∂ f/∂x) and (U, ∂ f/∂y).
Once again this definition is independent of the initial
representative chosen. Higher order derivatives of [f ]z

can be defined analogously.
With these preliminaries, we can now introduce a

number of definitions that will be of direct relevance
in our analysis of the light-source-direction estimation
problem.

Given a unit vectorl and a germ [f ]z ∈ C2
z , the

imageof [ f ]z from the directionl is the germ [E]z ∈ C1
z

defined by

[E]z = Rl

(
∂[ f ]z

∂x
,
∂[ f ]z

∂y

)
(2)

and the condition that [E]z be positive. (Note that
already this definition makes use of all the algebraic and
differential properties of germs described above.) A
shape classat z is any subset ofC2

z . Given a shape
classSz ⊂ C2

z , the correspondingimage classESz is the
family of all images of the elements ofSz, that is,

ESz =
{

Rl

(
∂[ f ]z

∂x
,
∂[ f ]z

∂y

)
:

l is a unit vector, [f ]z ∈ Sz,

Rl

(
∂[ f ]z

∂x
,
∂[ f ]z

∂y

)
> 0

}
.

A shape classSz ⊂ C2
z is termed auniqueness classat

z if, for any [ f ]z, [g]z ∈ Sz and any unit vectorsl, l ′,

Rl

(
∂[ f ]z

∂x
,
∂[ f ]z

∂y

)
= Rl ′

(
∂[g]z

∂x
,
∂[g]z

∂y

)
> 0

⇓ (3)

l = l ′.

Observe that there is a one-to-one correspondence be-
tween elements of a given uniqueness class and the
respective images in the image class associated with
this uniqueness class. Thus, starting from a unique-
ness classSz, we can define alight-source-direction
estimatorbased onSz as the function3Sz which, to
each member [E]z in the corresponding image class
ESz, assigns a unique unit vectorl for which (2) holds.

Light-source-direction estimators based on unique-
ness classes can be used as follows. Given an image
E over a domainÄ, suppose that, for somez ∈ Ä,
the germ ofE at z is the image of a member of a
given uniqueness classSz. This assumption effectively
means that we have certain prior information about the
nature of the shape that has generated the image in
the vicinity of z. More precisely, we assume that, for
some open neighbourhoodU ∈ Ä of z, the restriction
of E to U has been generated by a shapef such that
the equivalence class of(U, f ) belongs to the unique-
ness classSz that is known beforehand. By applying
the corresponding estimator3Sz to [E]z, we can de-
termine the illuminant vectorl. Following this, we
can proceed to solving (1) on the whole ofÄ. It is
obvious that the success of such an approach relies
strongly upon early recognition of various, possibly
vast, uniqueness classes to which a germ of a sought-
after shape might belong. The question of determining
uniqueness classes is therefore considered next.

3. Uniqueness Classes

The simplest uniqueness classes consist of single germs
of functions satisfying a certain condition which is ge-
ometric in nature. Before formulating a key result en-
suring the existence of one-element uniqueness classes,
we introduce some notation. Given a realC2 function
f on an open subsetU of thexy-plane, denote byD( f )
the continuous function onU defined as

D( f ) = ∂2 f

∂x2

∂2 f

∂y2
−
(
∂2 f

∂x∂y

)2

.

For a pointz in thexy-plane and [f ]z ∈ C2
z , denote by

D([ f ]z) the germ inCz given by

D([ f ]z) = ∂2[ f ]z

∂x2

∂2[ f ]z

∂y2
−
(
∂2[ f ]z

∂x∂y

)2

.

With these preliminaries, we are ready to state the
following:
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Theorem 1. Let z be a point in the xy-plane, and let
[ f ]z ∈ C2

z satisfy

D([ f ]z)(z) 6= 0. (4)

Then{[ f ]z} is a uniqueness class.

Note that (4) is equivalent to the condition that

D( f )(z) 6= 0 (5)

for any representative(U, f ) of [ f ]z. Inequality (5) is
in turn equivalent to the requirement that the Gaussian
curvature of the graph off overU at the point(z, f (z))
be non-zero.

To give the reader a flavour of manipulating germs,
we now present a simple proof of Theorem 1. Suppose
that [ f ]z ∈ C2

z satisfies (4) and that

Rl

(
∂[ f ]z

∂x
,
∂[ f ]z

∂y

)
= Rl ′

(
∂[ f ]z

∂x
,
∂[ f ]z

∂y

)
for some unit vectorsl, l ′. Clearly, we can choose a
representative(U, f ) of [ f ]z such that

Rl

(
∂ f

∂x
,
∂ f

∂y

)
(w) = Rl ′

(
∂ f

∂x
,
∂ f

∂y

)
(w)

for eachw ∈ U . Then, for eachw ∈ U ,

a
∂ f

∂x
(w)+ b

∂ f

∂y
(w) = c, (6)

wherea = l1 − l ′1, b = l2 − l ′2, and c = l3 − l ′3.
Differentiating both sides of (6) atz with respect tox
andy, we obtain

a
∂2 f

∂x2
(z)+ b

∂2 f

∂x∂y
(z) = 0,

a
∂2 f

∂x∂y
(z)+ b

∂2 f

∂y2
(z) = 0.

(7)

Taking into account that (4) implies (5), we infer from
(7) thata = b = 0. Hencel = l ′, which establishes
implication (3).

Theorem 1 leads to the following result exhibiting a
large aggregate of one-element uniqueness classes that
will be relevant in the subsequent discussion:

Theorem 2. Let z be a point in the xy-plane, let F
be a holomorphic function on an open neighbourhood

of z, and let u andv be the real and imaginary parts
of F, respectively. For eachα ∈ [0, 2π), let

gα = u cosα + v sinα. (8)

Then, for eachα ∈ [0, 2π), D(gα) = −|F ′′|2. In
particular, if F ′′(z) 6= 0, then each{[gα]z} is a unique-
ness class.

As an example of a specific use of Theorem 2, let
z= (a, b) andF(w) = (w − z)2/2. Then

u(x, y) = 1

2
((x − a)2− (y− b)2),

v(x, y) = (x − a)(y− b)

and, for eachα ∈ [0, 2π),

gα(x, y) = 1

2
((x − a)2− (y− b)2) cosα

+ (x − a)(y− b) sinα. (9)

It is clear thatF ′′ = 1, and now Theorem 2 ensures that,
for eachα ∈ [0, 2π), {[gα]z} is a uniqueness class.

It is natural to surmise that there exist uniqueness
classes containing more than one element. A simple
way of building such classes, at a given point, would be
to combine one-element uniqueness classes into bigger
families (for example, each such singleton set might be
formed by a germ satisfying (4)). This procedure will
work only for certain choices of germs. It turns out that
the set-theoretic sum of two one-element uniqueness
classes will in general fail to produce a uniqueness
class. We shall illustrate this phenomenon by making
use of the following result:

Theorem 3. Let z be a point in the xy-plane, let F
be a holomorphic function on an open neighbourhood
of z, and let u andv be the real and imaginary parts of
F, respectively. For eachα ∈ [0, 2π), let gα be given
by (8). Then{[gα]z, [gβ ]z} is not a uniqueness class
wheneverα, β ∈ [0, 2π) are such thatα 6= β.

Given a pointz in the xy-plane, fix a holomorphic
functionF in an open neighbourhood ofzsuch that (5)
holds (we can takeF(w) = (w− z)2/2, for example).
Using the terminology and result of Theorem 2, we see
that, for eachα ∈ [0, 2π), [gα]z is a uniqueness class.
However, by Theorem 3, for any pairα, β ∈ [0, 2π)
with α 6= β the set{[gα]z, [gβ ]z} is not a uniqueness
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class. Thus the sum of two one-element uniqueness
classes fails in general to be a uniqueness class.

In spite of the difficulties indicated above with
forming composite uniqueness classes, there do ex-
ist uniqueness classes different from singletons. Such
classes can be built from elementary blocks provided
that one of two natural compatibility conditions, stated
below, is satisfied. To formulate these conditions, sup-
pose that{S i

z}i∈I is an indexed family of pairwise dis-
tinct uniqueness classes at a given pointz. Consider
the following:

(A) For [ f ]z ∈ S i
z and [g]z ∈ S j

z with i 6= j and any
pair of unit vectorsl, l ′,

Rl

(
∂[ f ]z

∂x
,
∂[ f ]z

∂y

)
> 0

&

Rl ′

(
∂[g]z

∂x
,
∂[g]z

∂y

)
> 0 (10)

⇓
Rl

(
∂[ f ]z

∂x
,
∂[ f ]z

∂y

)
6= Rl ′

(
∂[g]z

∂x
,
∂[g]z

∂y

)
.

(B) For [ f ]z ∈ S i
z and [g]z ∈ S j

z with i 6= j and any
pair of unit vectorsl, l ′ such thatl 6= l ′, implication
(10) holds.

The above conditions can alternatively be expressed
as follows. A family {S i

z}i∈I of uniqueness classes
satisfies (A) if any pair consisting of elements of two
different building blocks of the formS i

z (i ∈ I ) gen-
erates images that never coincide; similarly, a family
of uniqueness classes satisfies (B) if any pair compris-
ing elements of two different building blocks of this
family generates images that coincide only when the
corresponding illuminant vectors coincide. Note that
condition (B) is less restrictive than condition (A). A
moment’s reflection shows that if a family{S i

z}i∈I of
uniqueness classes fulfills either (A) or (B) (in either
case (B) is satisfied), then∪i∈IS i

z is a uniqueness class.
Thus, if a family of uniqueness classes fulfills either
of the above conditions, then a new larger uniqueness
class can be formed by taking the sum of all elements of
the family. As far as formation of uniqueness classes is
concerned, the building blocks of a family that obeys
(B) but not (A) fit with each other in a more subtle way
than do the building blocks of a family satisfying (A).
This is because condition (B) permits coincidence of

images from distinct building blocks, whereas condi-
tion (A) does not.

By way of illustration, we now present two fami-
lies of uniqueness classes, one of which satisfies (A),
the other satisfying (B) but not (A). Both families will
consist of singletons, and the corresponding sums will
form uniqueness classes containing more than one el-
ement.

The first family comprises germs some of whose
representatives are hemispherical in shape. Letz =
(a, b) and, for eachr > 0, let fr,z be given by

fr,z(x, y) =
√

r 2− (x − a)2− (y− b)2.

A straightforward calculation shows that, for eachr >
0, D( fr,z)(z) = r−2. Thus, by Theorem 1,{[ fr,z]z}
is a uniqueness class for eachr > 0. We have the
following:

Theorem 4. The family{{[ fr,z]z}}r>0 satisfies condi-
tion (A).

As an immediate consequence, we find that, for each
point z, {[ fr,z]z : r > 0} is a uniqueness class atz.
Hereafter, this class will be referred to as the hemi-
spherical class atz.

To present the second family, define a functionf by
setting

f (x, y) =
{(

(x − a)2− (y− b)2

2
+ 1

)2

+ (x − a)2(y− b)2
}1/2

, (11)

wherea, b are real numbers. Lettingz = (a, b), we
easily calculate thatD( f )(z) = −1. By Theorem 1,
{[ f ]z} is a uniqueness class. Now fixα ∈ [0, 2π), and
let gα be given by (9). As we already know,{[gα]z} is
a uniqueness class. We have the following:

Theorem 5. The family {{[ f ]z}, {[gα]z}} satisfies
condition(B) but does not satisfy condition(A). More
specifically, the image of[ f ]z corresponding to the
illuminant vector e is identical with the image of
[gα]z corresponding to the same illuminant vectore.
Furthermore, if an image of[ f ]z coincides with an im-
age of[gα]z, then the corresponding illuminant vectors
also coincide and are equal toe.

As an immediate consequence, we infer that
{[ f ]z, [gα]z} is a uniqueness class.
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Considering various candidate blocks of uniqueness
classes and selecting those whose composites satisfy
either (A) or (B), we can successively build larger and
larger uniqueness classes. A natural question arises as
to whether this process must ever halt. The answer is in
the affirmative. Before we elaborate on that, we present
necessary set-theoretic prerequisites (see [11], p. 12).

Let Sbe a set. Apartial orderingof S is a relation,
written s ≺ t , amongst some pairs of elements ofS,
having the following properties:

(i) s ≺ s;
(ii) s ≺ t & t ≺ u ⇒ s ≺ u;
(iii) s ≺ t & t ≺ s ⇒ s= t .

A partially ordered setS is linearly orderedif given
anys, t ∈ S we have eithers ≺ t or t ≺ s. Let S be
a partially ordered set. Amaximal elementof S is an
elementm such that ifs ∈ S andm ≺ s, thens = m.
The greatest elementof S is an elementg such that
s ≺ g for all s ∈ S. Note that a maximal element
need not be the greatest element. There may be many
maximal elements inS, whereas if a greatest element
exists, then it is unique. LetT be a subset ofS. An
upper boundof T in S is an elementt ∈ S such that
s ≺ t for all s ∈ T . The least upper boundof T in
S is an upper boundt such that, ifu is another upper
bound, thent ≺ u. If a least upper bound ofT exists,
then it is unique.

Observe that the family0z of all uniqueness classes
at a given pointz can be partially ordered as follows:
GivenS ′z,S ′′z ∈0z, we declareS ′′z to be a successor of
S ′z and writeS ′z ≺ S ′′z wheneverS ′z⊂S ′′z . A fundamen-
tal property of this ordering is stated in the following:

Theorem 6. For each point z in the xy-plane, ev-
ery uniqueness class at z is contained in a maximal
uniqueness class at z with respect to≺.

The proof of Theorem 6 relies on a set-theoretic re-
sult known as the Kuratowski-Zorn Lemma (see [11],
Theorem 16). According to this result, it is sufficient
to verify that every linearly ordered subset of0z has an
upper bound. Let9 be a linearly ordered subset of0z.
We shall show that∪Sz∈9Sz is an upper bound (even
the least upper bound) for9 in 0z. To this end, we
shall demonstrate that∪Sz∈9Sz is a uniqueness class.
Once this is done, the verification that∪Sz∈9Sz is the
least upper bound for9 is straightforward. Suppose
that [ f ]z and [g]z are two members of∪Sz∈9Sz. Then
[ f ]z ∈ S ′z and [g]z ∈ S ′′z for someS ′z,S ′′z ∈ 9. Since9

is linearly ordered, we have eitherS ′z ⊂ S ′′z orS ′′z ⊂ S ′z.
Without loss of generality, we may assume that the first
containment takes place. Then both [f ]z and [g]z be-
long toS ′′z , and, sinceS ′′z is a uniqueness class, impli-
cation (3) holds, showing that∪Sz∈9Sz is a uniqueness
class.

A given uniqueness class may be part of many
maximal uniqueness classes. To see this, for each
α ∈ [0, 2π), let gα be given by (9), and letf be
given by (11). By Theorem 5, for eachα ∈ [0, 2π),
the set{[ f ]z, [gα]z} is a uniqueness class. Extend
{[ f ]z, [gα]z} to a maximal uniqueness classM(α)

z .
We claim thatM(α)

z is different fromM(β)
z whenever

α 6= β (α, β ∈ [0, 2π)). Indeed,M(α)
z = M(β)

z for
someα, β ∈ [0, 2π) with α 6= β would imply thatgα
and gβ belong to the same uniqueness class, namely
M(α)

z , contradicting Theorem 3. Notice that all the
M(α)

z contain the uniqueness class consisting of the
germ [f ]z.

The larger a uniqueness class, the larger will be
the corresponding image class that serves as the
domain of applicability of the associated light-source-
direction estimator. Thus a light-source-direction es-
timator based on a maximal uniqueness class is in a
sense optimal. The most desirable candidate for a max-
imal uniqueness class at a given pointz is of course
C2

z . But C2
z is not even a uniqueness class. Indeed,

if C2
z were a uniqueness class, then it would be the

greatest element ofΓz, and hence there would be only
one maximal uniqueness class atz, namelyC2

z itself.
This, however, is impossible in view of the previous
paragraph.

We close this section by remarking that finding an
analytical formula for a light-source-direction estima-
tor associated with a particular uniqueness class is a
separate problem. For a hemispherical class, such a
formula was derived in [5]. We note for future refer-
ence that in the cited article the light-source-direction
estimator based on a hemispherical class was termed
the disk method.

4. Fundamental Ambiguity

As shown in the previous section, there are many
uniqueness classes at any point in thexy-plane. This,
however, does not preclude the existence of imagesE
with the following property: For some pointz in an im-
age domain, there exists a single uniqueness classSz

such that [E]z is a member of the corresponding im-
age classESz. Light-source-direction estimation would
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be greatly facilitated if a given imageE enjoyed the
above property. For ifz were a point in the image do-
main to which the property applies andSz were the
corresponding image class, then3Sz([E]z) would be
the sought-after illuminant vector. But, as it turns out,
typical images do not have the above property. This
follows from the following fundamental result:

Theorem 7. Let z be a point in the xy-plane, and let
[E]z ∈ C2

z be such that0< [E]z(z) < 1 and(
∂[E]z

∂x
(z)

)2

+
(
∂[E]z

∂y
(z)

)2

> 0.

Then there are infinitely many pairwise distinct max-
imal uniqueness classes at z whose associated shape
classes contain[E]z.

The proof of the above theorem is based on the
following result concerning the local solvability of
Eq. (1):

Theorem 8. Let z be a point in the xy-plane, let U
be an open neighbourhood of z, and let E be a positive
C2 function on U such that E(z) < 1 and(

∂E

∂x
(z)

)2

+
(
∂E

∂y
(z)

)2

> 0.

Then, for each unit vectorl = (l1, l2, l3) with l3 > 0,
there exists an open neighbourhood V⊂ U of z and a
C2 function f on V satisfying(1) and(5).

That Theorem 7 can be derived from Theorem 8 is
seen as follows. By Theorem 8, for each unit vec-
tor l = (l1, l2, l3) with l3 > 0, there exists a solution
fl satisfying (1) and (5). By Theorem 1,{[ fl ]z} is a
uniqueness class. Extend{[ fl ]z} arbitrarily to a maxi-
mal uniqueness classM(l)

z . Clearly, the image of [fl ]z

from the directionl is [E]z, therefore [E]z ∈ EM(l)
z

.
Now, if l, l ′ are two distinct unit vectors withl3 > 0
andl ′3 > 0, respectively, then [fl ]z and [fl ′ ]z cannot be-
long to a common uniqueness class (for (3) is violated
if f andg are replaced byfl and fl ′ , respectively), and
henceM(l)

z 6=M(l ′)
z .

5. Applying Light-Source-Direction Estimators

An important consequence of Theorem 7 is that for
Lambertian surfaces the problem of estimating the il-
luminant vector from interior patches of image shading

is ill posed. In general, there is an abundance of unique-
ness classes whose associated image classes comprise
a germ of an image at a given point in an image
domain, each such class leading to a distinct light-
source-direction estimator. As a result, it is impossible
to decide solely on the basis of local shading informa-
tion which light-source-direction estimator should be
used. It is not unreasonable to conjecture that similar
results can be established for other reflectance mod-
els. Successful determination of light-source direction
must in general require some knowledge of the nature
of the shape depicted.

In many cases a source-direction estimator3Sz, as-
sociated with a particular uniqueness classSz, is given
by an analytical formula8 whose domainTz contains
Sz as a proper shape subclass.Tz itself might or might
not be a uniqueness class. Quite oftenTz will coincide
with C2

z . Even ifTz is a uniqueness class,8 will usu-
ally be different from3Tz and can be viewed merely
as an approximation to3Tz. In general, such an ap-
proximation will be crude for members ofTz lying “far
away” from the initial classSz. Consider, for exam-
ple, the hemispherical class at some pointz. This is
part of the shape class comprising equivalence classes
of pairs of elliptical domains centered atz and semi-
ellipsoids. It is conceivable that the semi-elliptical
class is a uniqueness class. The disk estimator can
be applied to all members of the semi-ellipsoidal class.
As reported by Gibbins et al. [7], the performance
of the estimator worsens as surfaces to which it is ap-
plied move away in shape from hemispheres. This
same observation applies to other methods of estimat-
ing source direction (cf. [12, 13, 15, 16]; see also [6]
for an overview of these approaches). Our experiments
[6, 7] show that the performance of all these proce-
dures degrades rapidly outside domains for which they
were initially defined. From this it is clear that ex-
isting estimators are of very limited use in real-world
applications.

Nevertheless, it is possible that existing source-
direction estimation techniques can be further im-
proved. Conceivably, larger uniqueness classes can be
found (some of which might contain, as subclasses, the
uniqueness classes underlying the presently known es-
timators) and the corresponding light-source-direction
estimators can be given an explicit analytical form. In
this vein, it would be interesting to determine whether
or not uniqueness classes exist that admit an arbi-
trary number of parameters. It would also be inter-
esting to specify some, if not all, maximal uniqueness
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classes. However, any automated estimation technique
involving one or another uniqueness class will be of
limited applicability, as a good estimate will only be
guaranteed when we knowa priori an appropriate
uniqueness class. Such a limitation is a consequence of
the fundamental ill-posedness of the source-direction
estimation problem.

6. The Coupled Option

As pointed out above, if a germ of an image at some
point in an image domain is generated by a germ of
a Lambertian shape belonging to a known uniqueness
class, then the illuminant vectorl can uniquely be de-
termined, and shape may then be found by solving (1).
In the absence, for every point in the image domain,
of any clues as to the identity of a uniqueness class to
which a germ of a sought-after shape might belong, we
have to adopt an alternative strategy. One approach is
to devise and apply a technique for determining source
direction that exploits shading data in a global way.
Experimental evidence indicates, however, that gen-
eration of a robust global technique applicable to a
wide range of images is extremely difficult. A more
promising approach is to attempt to find source and
shape from shading in a coupled manner, whereby a
pair (l, f ) satisfying (1) is sought, neitherl nor f be-
ing known beforehand. Brooks and Horn [3] first pro-
posed a scheme based on this approach. The scheme,
however, is not satisfactory, as it may generate way-
ward estimates. Another method of concurrently solv-
ing for light source and surface shape was proposed by
Breton et al. [1]. It is conceivable that new methods
will soon be elaborated rendering the coupled approach
successful.
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