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ABSTRACT

This paper assesses some of the practical ramificationscehtreevelopments in estimating vision parameters giver-in
mation characterising the uncertainty of the data. Thistanty information may sometimes be estimated in astonia
with the observation process, and is usually representdiaeifiorm of covariance matrices. An empirical study is mafie o
the conditions under which improved parameter estimatedeabtained from data when covariance information is alsel
We explore, in the case of fundamental matrix estimationcomdc fitting, the extent to which the noise should be antgatr
and inhomogeneous if improvements over traditional mettare to be obtained. Critical in this is the devising of sgtith
experiments under which noise conditions can be preciseiyralled. Given that covariance information is, in itsalfibject

to estimation error, tests are also undertaken to detertheempact of imprecise covariance information upon thdityuaf
parameter estimates. We thus investigate the consequiemqesrameter estimation of inaccuracies in the charaztton of
noise that inevitably arise in practical computation.
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1. INTRODUCTION

Many problems in computer vision can be couched in termseggtimation of parameters from image-based measurements.
Such problems arise in stereo vision, with the estimatiotneffundamental matrik,'* in conic fitting, with the estimation

of (say) an ellipse’s coefficientd, 2" and in many other areas. Because such problems are typiemjysensitive to noise in

the data, there has been considerable interest in recerst ipethe question of how parameter estimation might be ivguio

if additional information is available characterising thiecertainty of the data$914.18-21,25.28-33 = Thys, for example, if
information is available indicating the uncertainties lo¢ focations of various corresponding points, it might besgde to
estimate a fundamental matrix more accurately. This uadyt information is usually expressed in termsawmivariance
matrices

This paper investigates conditions under which the use wdri@nce matrices enables parameters of improved quality t
be obtained. It utilises an implementation of a state-efdht estimation method of the authdts. Several novel synthetic
experiments are carried out under carefully controlledd@toins of noise. Prior to describing these, however, we éxamine
the mathematical nature of covariance matrices.

2. COVARIANCE MATRICES

Suppose that is a scalar measurement or observation of an underlying/adue z, and that the measurement process exhibits
errors conforming to a zero-mean Gaussian distributioraflingz as a sample value of a random variable, we may write, for
some non-negative numbey

x =T+ Az, Az ~ N(0,0?%),

where Az is a random variable representing measurement errors an (0, 2)’ means ‘distributed with the Gaussian
distribution with zeromeanand standard deviatiorr (or, equivalently,variancec?)’. The characteristic parameters of the
distribution are defined explicitly by

E[Az] =0, E [(A2)?] = o2,

whereE[y] denotes the expected value of the random varigble
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A multi-dimensional analogue of this model is readily deysd using covariance matrices. Confining our attentioheo t
two-dimensional case, suppose now thatweectorz represents a measurement of a true valuga a process that is subject
to bivariate zero-mean Gaussian errors. We then have, foe positive definite matrid,

=17+ Az, Az ~ N(0, 4),

whereN(0, A) denotes the bivariate Gaussian distribution with m@amd covariance matrid. With Az = (Az1, Axg)7,
the parameters of the distribution are defined explicitly by

E [(A.]El)z] E [AJHAJ?Q]

Elan] EBn)T =0 4=E[da)as) = |f 0] BRG]

The simplest form of a covariance matrix is given by
o2 0
A= [ . } .
The graph of the corresponding probability density funt{jedf) is a rotationally symmetric, bell-shaped surfacighwircular

level-sets. Perturbations governed by this pdf are equijy to arise in any direction from the underlying true wal For
this reason, the corresponding probability distributi®termedsotropic

A special form of aranisotropicdistribution has a covariance matrix of the form
2
_|ot 0
A= [0 O’%:|
with o < o2. Perturbations in the- andy-directions governed by the corresponding pdf are indepeinof each other and

have variances? ando3, respectively. The level sets of the graph of the pdf arp=t with the minor and major axes aligned
with the z- andy-axes, respectively. Alternativelyl can be represented as

_ |8 0
A_O‘[o 15]’

2 2
o =07 + 03, B =

where
i

of + 03
define thescaleandeccentricityof A and take values iff), co) and[0, 1/2), respectively.
The most general form of a covariance matrix may be expressed

o2 0
n=m [ ] m

whereos? ando? are non-negative numbers witi < o3, v is a number ir{0, 7), and

__|cosy —siny
Ry = {Sin'y cosv]

is the matrix representing rotation by the angleThe level sets of the graph of the corresponding pdf arpsel as before,
but rotated by the angte. Alternatively, A can be represented as

A=aR, [g 1841{3.

This makes explicit the geometrical factors determinirgyriture of the elliptical level sets, namely the overallesaa, the
eccentricity,3, and the angle of orientatiofy, the first two parameters being given by

a=TrA, (= %(1 —[1— (4det A)/(Tr A)?]Y/2).

The ranges ofy, 3, and~, are|0, o), [0, 1/2] and|0, 7), respectively.



2.1. Collections of Covariances M atrices

It is useful to review the terminology associated with cdilens of covariances matrices associated with data. Alsimp
composite model of measurement erran@nogeneous isotropiwise in which all items of data are assumed to have identical
isotropic covariance. This is depicted graphically in Fegi(a), with the level sets being circles of the same siz¢hdrevent
that noise is isotropic but that the standard deviation cheaaussian distribution may change from point to point, weeh
inhomogeneous isotropimise depicted in Figure 1(b). Here, each covariance maizix be a different multiple of the identity
matrix. Similarly,homogeneous anisotrop&rrors are depicted in Figure 1(c), while Figure 1(d) cagduihe most general
situation we shall deal with, nameilghomogeneous anisotropimise.
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Figure 1. Different types of noise model: (a) isotropic inhomogergdh) isotropic inhomogeneous, (c) anisotropic homoge-
neous, (d) anisotropic inhomogeneous.

3. EXPERIMENTAL SETUP

Two key estimation problems in computer vision were congidenamely ellipse (conic section) fitting and estimatibthe
fundamental matrix. Because both of these problems requassurement of image-point locations, there is an oppibytton
estimate covariances associated with the measuremermgstoc

Our experiments were synthetic in nature as these perngiggreontrol of the noise conditions. Randomly generateck"“t
data” were first obtained. A corresponding covariance mates then generated for each of the true data points. Neisyn
data” were obtained by perturbing the true data points inyasgasistent with their respective covariance matrices.

Three methods for computing the estimate were employed:

e ALS = Algebraic least squares scheme—uwithout covariances.
e FNS = Fundamental numerical scheme—uwith full covariances.
e FNS* = FNS—with identity covariances.

A full description of these methods is provided in Ref. B4.Sis employed as a simple one-step least squares schemedkat us
singular-value decomposition and does not employ covegianformation. FNSis used as a sophisticated iterative method able
fully to utilise covariance information. Its accuracy hash shown empirically to be almost identical with that of admberg-
Marquardt implementation. FinallENS* is theFNS method supplied with (default) identity covariances. Itynhe regarded

as a top-performing non-covariance method, and as sucldesoa benchmark for our tests. Clearly, the extent to whRNB
improves upor-NS* is a direct indication of the usefulness of the covariancegleyed.



3.1. Generating True Data and Perturbed Data

In the case of ellipse fitting, a randomly oriented ellipses\ganerated such that the ratio of its major to minor axes wttei
range[2, 3], and its major axis was approximately 200 pixels in lengtho#ét one third of the ellipse’s boundary was chosen
as the base curve, and this included the point of maximumature of the ellipse. A set of true poiriiswas then randomly
selected from a distribution uniform along the length of lase curve.

For estimating the fundamental matrix, a realistic stenera configuration was first selected with non co-plandcaipt
axes, and slightly differing left and right camera intrmparameters. Randomly chosen 3D points were then projeatedhe

images so as to generate many pairs of corresponding gairis ).

Assuming a particulaaverage level of noiser, for each true poink, a covariance matridz was generated by drawing
«, # and~ randomly from the distribution&/(0,2), U(0, 1), U(0,27), respectively. HerelJ(a,b) denotes the uniform
distribution over|a, b]. SinceTr Az = a andE [a] = o, it follows thatE [Tr Az] = o, giving the statistical interpretation of
the assumed level of noise.

Given a true pointt and an associated covariance matfix, a noisy pointe consistent withAz was obtained by adding a
vectorAz to z. The vectorAx was generated with use of the following algorithm:

1. Find a matrixU such thatd, = U U”’; this can be done by performing, say, Cholesky decompasitio ,.>>

2. Generate a random vectar= [pi, p2]7, where each element is drawn independently from the Gaudiibution with
zero mean and unit standard deviation.

3. SetAxz = Up.

Statistically, Az has mea® and covariancei, since
E[Az] =E[Up] = UE[p] =0,
E[(Az)(Ax)T] =E [(Up)(Up)T} —E [U(ppT) UT] — UE[pp"| UT = UU" = A.

Finally, eachz was equipped with a covariance matrbs, which was taken to bd .

4. RESULTSUSING EXACT COVARIANCES
4.1. General Utility of Covariances

The estimates computed by the three methallss, FNS*, and FNS were compared using an appropriate error function.
Specifically, for each estimated ellipse, an error measaec@mputed as the sum of the shortest pixel distances otesch
point (lying on the true ellipse) from the estimated ellipse. Faclefundamental matrix estimated, an error measure was
computed as the sum of the distances of the underlyirgpointsto the epipolar lines derived from the estimated fundanienta
matrix, averaged for the left and right images.

Each test involved0 data points generated independently in each repetitioth (méw true data points and covariance
matrices generated at each iteration). The average valtreearror for each of the estimation methods was computed ove
2000 runs. The entire process was performed for an average raiskrsiranging from0.5 to 10.0 in steps 0f0.5. The results
presented in Figure 2 show that employing covariance infbion in estimation can be advantageous. In the case o§ellip
fitting and fundamental matrix estimation, errors obtaibg&NS are around0% and70%, respectively, of those obtained via
FNS*. ALSlags further behindFNS*.

4.2. Varying the Spread of Covariances

A further experiment was carried out in which the level ofsaiiopicity and inhomogeneity was controlled. This wasedon
introducing parametdr < p < 1 to capture the ‘spread’ of the skew and scale parametergighiitte level of noise, possible
variation of skew was governed by

B~ UG5 (- p), 51+ 9))

and variation of scale by
a~U(o(1 - p),o(1+p)).

The following tests were performed for ellipse fitting anddamental matrix estimation:
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Figure 2. Error for ellipses fitting (left), and fundamental matritiegation (right).

e Skew was selected as above, and scale was kept constantofiteisponds to homogenous anisotropic noise.
e Scale was selected as above, and skew was g¢2tdrhis corresponds to inhomogenous isotropic noise.

e Both parameters were selected as above. This correspogdadnal to inhomogenous anisotropic noise.
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Figure4. Increasing spreagy for fundamental matrix estimation.

The results are presented in Figures 3 and 4p Axreases, the error of the estimate generated using eocarimatrices



reduces. In our circumstances, this improvement is mor&exddor the scale parameter than the skew parameter. Ititeyigs
the average error for the two methods not using covariareseains constant regardless of the valug.of

5. RESULTSUSING INEXACT COVARIANCES

In practice, it is not possible to measure exactly the cavexes driving the noise in the data. Therefore, in this sective
investigate the robustness of estimators to inaccuracid®ei covariance matrices. This we do by supplying an estinrait
with the true underlying covariance matrix, but with a versto which noise has been added. This we may regardeda
noise Two experiments were carried out using inexact covarignce

5.1. Partially Correct Covariances

The first experiment involved generating true covariancérioes by randomly choosing all three parameters (as destri
earlier) and producing points perturbed consistently #it#se covariances. However, the estimation method wadiedpyth
a covariance matrix that used only one of the original patamalues, with default values being supplied for the ather

The results in Figure 5 show average errors obtanained tineléollowing curcumstances:
True. The correct covariances generated are passed to the estimat
I dentity. Identity covariances are used.
Skew. A new covariance is formed using the original skew paramegtting scale to /2, and rotation a®.
Angle. The original rotation angle is used, scale is set 0, and skew td /3.

Scale. The original scale is used, with skew setl{2, and rotation td.
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Figure 5. Errors obtained using partially correct covariances iipsd fitting (left) and the fundamental matrix estimation
(right).

We infer from Figure 5 that, if we can only have one correct ponent of covariance, then scale is the most valuable for the
purposes of estimation. Using only the skew parametertsegokurprisingly in larger errors than those obtainedgiglantity
covariances.



5.2. Fully Perturbed Covariances

The second experiment involved contaminating the truertavee matrices with noise by multiplying each of the ungiag
parameters by a random factdw, 3,v) — (K1, ka3, k37y), Wherek, ko, kg are chosen independently from the Gaussian
distribution with unit mean and standard deviatianin this way, the level of noise added to the covariancesiigrobled by
the deviationr. It should be noted that whenever the multiplication of tlaegmeter caused it to exit the range specified in
Section 3.1, it was clipped at the maximum or minimum appedely.

The algorithm can be summarised as follows:

1. Generate syntheticue data.

2. Generate random covariance matrices as per Sectionighla fixed average noise level.
3. Perturb data in accordance with the covariance matricebttin noisy data.

4. Create a new set of covariance matrices by adding noi$e toriginal matrices.

5. Compare estimates obtained by supplying identity, e, noisy covariance matrices.

Again, these steps were repead®d0 times to obtain an average error for the three estimatiomoast However, in contrast
with the previous tests where this process was repeatedfferat values ofr, these tests were repeated with varying

Figure 6 shows the results. The error of the estimate cordgat&NS using the noisy covariances is seen to rise linearly
with the error. In our experiments, we see that noisy comwada offer advantage over identity defaults wheg 0.5 in the
case of ellipse estimation, and whenr< 0.3 in the case of fundamental matrix estimation.
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Figure 6. Average error for increasing average error in covariances.

6. CONCLUSION

A series of tests were presented that operate upon data farthef image measurements. These were designed to determin
the degree of benefit attained by using covariance infoonati the parameter estimation process. Our experimenitsaited|

not only that covariance information can be useful, but gtgoextent to which this information may be inaccurate ketbe
advantage is lost. It emerged that relatively inaccurataitance information can sometimes improve the qualityasbmeter
estimates, and that it is the relative scale of the covagsmdich is the most valuable factor.
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