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ABSTRACT

This paper assesses some of the practical ramifications of recent developments in estimating vision parameters given infor-
mation characterising the uncertainty of the data. This uncertainty information may sometimes be estimated in association
with the observation process, and is usually represented inthe form of covariance matrices. An empirical study is made of
the conditions under which improved parameter estimates can be obtained from data when covariance information is available.
We explore, in the case of fundamental matrix estimation andconic fitting, the extent to which the noise should be anisotropic
and inhomogeneous if improvements over traditional methods are to be obtained. Critical in this is the devising of synthetic
experiments under which noise conditions can be precisely controlled. Given that covariance information is, in itself, subject
to estimation error, tests are also undertaken to determinethe impact of imprecise covariance information upon the quality of
parameter estimates. We thus investigate the consequencesfor parameter estimation of inaccuracies in the characterisation of
noise that inevitably arise in practical computation.
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1. INTRODUCTION

Many problems in computer vision can be couched in terms of the estimation of parameters from image-based measurements.
Such problems arise in stereo vision, with the estimation ofthe fundamental matrix,1–14 in conic fitting, with the estimation
of (say) an ellipse’s coefficients,14–27 and in many other areas. Because such problems are typicallyvery sensitive to noise in
the data, there has been considerable interest in recent years in the question of how parameter estimation might be improved
if additional information is available characterising theuncertainty of the data.2,6–9,14,18–21,25,28–33 Thus, for example, if
information is available indicating the uncertainties of the locations of various corresponding points, it might be possible to
estimate a fundamental matrix more accurately. This uncertainty information is usually expressed in terms ofcovariance
matrices.

This paper investigates conditions under which the use of covariance matrices enables parameters of improved quality to
be obtained. It utilises an implementation of a state-of-the-art estimation method of the authors.34 Several novel synthetic
experiments are carried out under carefully controlled conditions of noise. Prior to describing these, however, we first examine
the mathematical nature of covariance matrices.

2. COVARIANCE MATRICES

Suppose thatx is a scalar measurement or observation of an underlying truevaluex̄, and that the measurement process exhibits
errors conforming to a zero-mean Gaussian distribution. Treatingx as a sample value of a random variable, we may write, for
some non-negative numberσ,

x = x̄ + ∆x, ∆x ∼ N(0, σ2),

where∆x is a random variable representing measurement errors and ‘∼ N(0, σ2)’ means ‘distributed with the Gaussian
distribution with zeromeanandstandard deviationσ (or, equivalently,varianceσ2)’. The characteristic parameters of the
distribution are defined explicitly by

E [∆x] = 0, E
[

(∆x)2
]

= σ2,

whereE[y] denotes the expected value of the random variabley.
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A multi-dimensional analogue of this model is readily developed using covariance matrices. Confining our attention to the
two-dimensional case, suppose now that a2-vectorx represents a measurement of a true valuex via a process that is subject
to bivariate zero-mean Gaussian errors. We then have, for some positive definite matrixΛ,

x = x + ∆x , ∆x ∼ N(0,Λ),

whereN(0,Λ) denotes the bivariate Gaussian distribution with mean0 and covariance matrixΛ. With ∆x = (∆x1,∆x2)
T ,

the parameters of the distribution are defined explicitly by

(E [∆x1] ,E [∆x2])
T = 0, Λ = E

[

(∆x )(∆x )T
]

=

[

E
[

(∆x1)
2
]

E [∆x1∆x2]
E [∆x2∆x1] E

[

(∆x2)
2
]

]

.

The simplest form of a covariance matrix is given by

Λ =

[

σ2 0
0 σ2

]

.

The graph of the corresponding probability density function (pdf) is a rotationally symmetric, bell-shaped surface, with circular
level-sets. Perturbations governed by this pdf are equallylikely to arise in any direction from the underlying true value. For
this reason, the corresponding probability distribution is termedisotropic.

A special form of ananisotropicdistribution has a covariance matrix of the form

Λ =

[

σ2
1 0
0 σ2

2

]

with σ2
1 < σ2

2 . Perturbations in thex- andy-directions governed by the corresponding pdf are independent of each other and
have variancesσ2

1 andσ2
2 , respectively. The level sets of the graph of the pdf are ellipses with the minor and major axes aligned

with thex- andy-axes, respectively. Alternatively,Λ can be represented as

Λ = α

[

β 0
0 1 − β

]

,

where

α = σ2
1 + σ2

2 , β =
σ2

1

σ2
1 + σ2

2

define thescaleandeccentricityof Λ and take values in[0,∞) and[0, 1/2), respectively.

The most general form of a covariance matrix may be expressedas

Λ = Rγ

[

σ2
1 0
0 σ2

2

]

RT
γ ,

whereσ2
1 andσ2

2 are non-negative numbers withσ2
1 ≤ σ2

2 , γ is a number in[0, π), and

Rγ =

[

cos γ − sin γ
sin γ cos γ

]

is the matrix representing rotation by the angleγ. The level sets of the graph of the corresponding pdf are ellipses as before,
but rotated by the angleγ. Alternatively,Λ can be represented as

Λ = αRγ

[

β 0
0 1 − β

]

RT
γ .

This makes explicit the geometrical factors determining the nature of the elliptical level sets, namely the overall scale, α, the
eccentricity,β, and the angle of orientation,γ, the first two parameters being given by

α = TrΛ, β =
1

2
(1 − [1 − (4 detΛ)/(TrΛ)2]1/2).

The ranges ofα, β, andγ, are[0,∞), [0, 1/2] and[0, π), respectively.



2.1. Collections of Covariances Matrices

It is useful to review the terminology associated with collections of covariances matrices associated with data. A simple
composite model of measurement error ishomogeneous isotropicnoise in which all items of data are assumed to have identical
isotropic covariance. This is depicted graphically in Figure 1(a), with the level sets being circles of the same size. Inthe event
that noise is isotropic but that the standard deviation of each Gaussian distribution may change from point to point, we have
inhomogeneous isotropicnoise depicted in Figure 1(b). Here, each covariance matrixmay be a different multiple of the identity
matrix. Similarly, homogeneous anisotropicerrors are depicted in Figure 1(c), while Figure 1(d) captures the most general
situation we shall deal with, namelyinhomogeneous anisotropicnoise.

(b) (c) (d)(a)    

Figure 1. Different types of noise model: (a) isotropic inhomogeneous, (b) isotropic inhomogeneous, (c) anisotropic homoge-
neous, (d) anisotropic inhomogeneous.

3. EXPERIMENTAL SETUP

Two key estimation problems in computer vision were considered, namely ellipse (conic section) fitting and estimation of the
fundamental matrix. Because both of these problems requiremeasurement of image-point locations, there is an opportunity to
estimate covariances associated with the measurement process.

Our experiments were synthetic in nature as these permit precise control of the noise conditions. Randomly generated “true
data” were first obtained. A corresponding covariance matrix was then generated for each of the true data points. Next, “noisy
data” were obtained by perturbing the true data points in a way consistent with their respective covariance matrices.

Three methods for computing the estimate were employed:

• ALS = Algebraic least squares scheme—without covariances.
• FNS = Fundamental numerical scheme—with full covariances.
• FNS* = FNS—with identity covariances.

A full description of these methods is provided in Ref. 34.ALS is employed as a simple one-step least squares scheme that uses
singular-value decomposition and does not employ covariance information.FNS is used as a sophisticated iterative method able
fully to utilise covariance information. Its accuracy has been shown empirically to be almost identical with that of a Levenberg-
Marquardt implementation. Finally,FNS* is theFNS method supplied with (default) identity covariances. It may be regarded
as a top-performing non-covariance method, and as such provides a benchmark for our tests. Clearly, the extent to whichFNS
improves uponFNS* is a direct indication of the usefulness of the covariances employed.



3.1. Generating True Data and Perturbed Data

In the case of ellipse fitting, a randomly oriented ellipse was generated such that the ratio of its major to minor axes was in the
range[2, 3], and its major axis was approximately 200 pixels in length. About one third of the ellipse’s boundary was chosen
as the base curve, and this included the point of maximum curvature of the ellipse. A set of true pointsx was then randomly
selected from a distribution uniform along the length of thebase curve.

For estimating the fundamental matrix, a realistic stereo camera configuration was first selected with non co-planar optical
axes, and slightly differing left and right camera intrinsic parameters. Randomly chosen 3D points were then projectedonto the
images so as to generate many pairs of corresponding points(x ,x ′).

Assuming a particularaverage level of noise, σ, for each true pointx , a covariance matrixΛx was generated by drawing
α, β andγ randomly from the distributionsU(0, 2σ), U(0, 1

2
), U(0, 2π), respectively. Here,U(a, b) denotes the uniform

distribution over[a, b]. SinceTrΛx = α andE [α] = σ, it follows thatE [TrΛx ] = σ, giving the statistical interpretation of
the assumed level of noise.

Given a true pointx and an associated covariance matrixΛx , a noisy pointx consistent withΛx was obtained by adding a
vector∆x to x . The vector∆x was generated with use of the following algorithm:

1. Find a matrixU such thatΛx = UU T ; this can be done by performing, say, Cholesky decomposition of Λx .35

2. Generate a random vectorp = [p1, p2]
T , where each element is drawn independently from the Gaussian distribution with

zero mean and unit standard deviation.

3. Set∆x = Up.

Statistically,∆x has mean0 and covarianceΛ, since

E [∆x ] = E [Up] = UE [p] = 0,

E
[

(∆x )(∆x )T
]

= E

[

(Up)(Up)
T
]

= E

[

U (ppT )U T
]

= UE
[

ppT
]

U T = UU T = Λ.

Finally, eachx was equipped with a covariance matrixΛx which was taken to beΛx .

4. RESULTS USING EXACT COVARIANCES

4.1. General Utility of Covariances

The estimates computed by the three methodsALS, FNS*, andFNS were compared using an appropriate error function.
Specifically, for each estimated ellipse, an error measure was computed as the sum of the shortest pixel distances of eachtrue
point (lying on the true ellipse) from the estimated ellipse. For each fundamental matrix estimated, an error measure was
computed as the sum of the distances of the underlyingtrue pointsto the epipolar lines derived from the estimated fundamental
matrix, averaged for the left and right images.

Each test involved60 data points generated independently in each repetition (with new true data points and covariance
matrices generated at each iteration). The average value ofthe error for each of the estimation methods was computed over
2000 runs. The entire process was performed for an average noise levelσ ranging from0.5 to 10.0 in steps of0.5. The results
presented in Figure 2 show that employing covariance information in estimation can be advantageous. In the case of ellipse
fitting and fundamental matrix estimation, errors obtainedby FNS are around40% and70%, respectively, of those obtained via
FNS*. ALS lags further behindFNS*.

4.2. Varying the Spread of Covariances

A further experiment was carried out in which the level of anisotropicity and inhomogeneity was controlled. This was done by
introducing parameter0 ≤ ρ ≤ 1 to capture the ‘spread’ of the skew and scale parameters. Fixing the level of noise, possible
variation of skew was governed by

β ∼ U(
1

2
(1 − ρ),

1

2
(1 + ρ))

and variation of scale by
α ∼ U(σ(1 − ρ), σ(1 + ρ)).

The following tests were performed for ellipse fitting and fundamental matrix estimation:
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Figure 2. Error for ellipses fitting (left), and fundamental matrix estimation (right).

• Skew was selected as above, and scale was kept constant. Thiscorresponds to homogenous anisotropic noise.

• Scale was selected as above, and skew was set to1/2. This corresponds to inhomogenous isotropic noise.

• Both parameters were selected as above. This corresponds ingeneral to inhomogenous anisotropic noise.
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Figure 3. Increasing spread (ρ) for ellipse estimation.
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Figure 4. Increasing spread (ρ) for fundamental matrix estimation.

The results are presented in Figures 3 and 4. Asρ increases, the error of the estimate generated using covariance matrices



reduces. In our circumstances, this improvement is more marked for the scale parameter than the skew parameter. Interestingly,
the average error for the two methods not using covariances remains constant regardless of the value ofρ.

5. RESULTS USING INEXACT COVARIANCES

In practice, it is not possible to measure exactly the covariances driving the noise in the data. Therefore, in this section, we
investigate the robustness of estimators to inaccuracies in the covariance matrices. This we do by supplying an estimator not
with the true underlying covariance matrix, but with a version to which noise has been added. This we may regard asmeta
noise. Two experiments were carried out using inexact covariances.

5.1. Partially Correct Covariances

The first experiment involved generating true covariance matrices by randomly choosing all three parameters (as described
earlier) and producing points perturbed consistently withthese covariances. However, the estimation method was supplied with
a covariance matrix that used only one of the original parameter values, with default values being supplied for the others.

The results in Figure 5 show average errors obtanained underthe following curcumstances:

True. The correct covariances generated are passed to the estimator.

Identity. Identity covariances are used.

Skew. A new covariance is formed using the original skew parameter, setting scale toσ/2, and rotation at0.

Angle. The original rotation angle is used, scale is set toσ/2, and skew to1/3.

Scale. The original scale is used, with skew set to1/2, and rotation to0.
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Figure 5. Errors obtained using partially correct covariances in ellipse fitting (left) and the fundamental matrix estimation
(right).

We infer from Figure 5 that, if we can only have one correct component of covariance, then scale is the most valuable for the
purposes of estimation. Using only the skew parameter results unsurprisingly in larger errors than those obtained using identity
covariances.



5.2. Fully Perturbed Covariances

The second experiment involved contaminating the true covariance matrices with noise by multiplying each of the underlying
parameters by a random factor,(α, β, γ) 7→ (κ1α, κ2β, κ3γ), whereκ1, κ2, κ3 are chosen independently from the Gaussian
distribution with unit mean and standard deviationτ . In this way, the level of noise added to the covariances is controlled by
the deviationτ . It should be noted that whenever the multiplication of the parameter caused it to exit the range specified in
Section 3.1, it was clipped at the maximum or minimum appropriately.

The algorithm can be summarised as follows:

1. Generate synthetictruedata.

2. Generate random covariance matrices as per Section 3.1, with a fixed average noise level.

3. Perturb data in accordance with the covariance matrices to obtain noisy data.

4. Create a new set of covariance matrices by adding noise to the original matrices.

5. Compare estimates obtained by supplying identity, true,and noisy covariance matrices.

Again, these steps were repeated2000 times to obtain an average error for the three estimation methods. However, in contrast
with the previous tests where this process was repeated for different values ofσ, these tests were repeated with varyingτ .

Figure 6 shows the results. The error of the estimate computed by FNS using the noisy covariances is seen to rise linearly
with the error. In our experiments, we see that noisy covariances offer advantage over identity defaults whenτ < 0.5 in the
case of ellipse estimation, and whenτ < 0.3 in the case of fundamental matrix estimation.
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Figure 6. Average error for increasing average error in covariances.

6. CONCLUSION

A series of tests were presented that operate upon data in theform of image measurements. These were designed to determine
the degree of benefit attained by using covariance information in the parameter estimation process. Our experiments indicated
not only that covariance information can be useful, but alsothe extent to which this information may be inaccurate before the
advantage is lost. It emerged that relatively inaccurate covariance information can sometimes improve the quality of parameter
estimates, and that it is the relative scale of the covariances which is the most valuable factor.
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