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ABSTRACT

A smooth object depicted in a photograph will often exhibit brightness variation, or shading.
Various computational techniques have been developed that perform reasonably well in
inferring shape from shading. However, these techniques typically require substantial
prerequisite information if they are to evolve an estimate of surface shape. It is therefore
interesting to consider how depth might be inferred from shading information without prior
knowledge of the scene conditions. One approach has been to undertake a pre-processing
step of estimating the light-source direction, thereby providing input to the computation of
shape from shading. In this paper, we argue that a versatile light-source estimator of this
kind is unattainable, and suggest that in the absence of domain-specific knowledge, shape
and light-source direction must be determined in a coupled manner.

1. Introduction

The shape-from-shading problem may under certain assumptions be expressed mathe-
matically as a first-order partial differential equation.7 Much information is needed to be
able to formulate such an image irradiance equation, a principal requirement being an ap-
propriate reflectance map9 relating surface orientation to image brightness. Without this
information, the problem cannot be posed, let alone solved. Even if the image irradiance
equation can be formulated, it may be difficult to solve, may have many solutions, or may
even have no solutions.1 A major challenge in computer vision is to develop a versatile
shape-from-shading algorithm able to operate effectively in the absence of substantial pre-
requisite information.8 Such an algorithm has so far proven elusive.

Currently, most shape-from-shading schemes need to be given prior information relat-
ing to light-source configuration and surface reflectance properties. Various strategies have
been employed in an attempt to reduce the prerequisite requirements of shading algorithms.
One approach, first adopted by Pentland,12 has been to estimate the direction of the “sun”
(light source) from a given image. In this paper, we argue that this approach is of limited
applicability, and show that a truly versatile light-source estimator is unattainable if under-
taken as a pre-process to shape from shading. We suggest that in the absence of substantial
domain-specific knowledge, shape and source direction must be determined in a coupled



manner. To our knowledge, this is the first meta-analysis undertaken in the source-finding
area.

2. Estimating source direction

Consider how we might determine the lighting conditions under which an image was
formed. Estimation of lighting conditions requires some understanding of how the depicted
surface scatters light. For simplicity, we shall adopt the Lambertian model with unit albedo
that describes light-scattering properties of perfectly matte surfaces. Assume that a surface
represented by the graph of a C2 function u is viewed from the direction specified by the
vector (0, 0, 1). Suppose that the surface is illuminated by an infinitely distant sun from the
direction determined by the unit vector l = (l1, l2, l3). Then the image of the surface over
the corresponding image domain in the xy-plane has irradiance E that takes on values in
the closed interval [0, 1], and satisfies the image irradiance equation

R(l)(ux, uy) = E(x, y), (1)

where R(l) is the Lambertian reflectance map

R(l)(p, q) =
−l1p− l2q + l3√

p2 + q2 + 1
.

The light-source estimation problem may now be expressed simply as the need to determine
l given E and not given u. Prior to discussing this problem, we introduce some terminology.

A shape class S is a family of pairs (∆, u), where ∆ is an open subset of the xy-plane
and u is a C2 function on ∆. It is understood that the graph of u engenders a shape over
∆. Given a shape class S, the corresponding image class ES is the family of all pairs
(∆, E) such that (∆, u) ∈ S for some C2 function u on ∆, and E is the image obtained by
illuminating the shape given by the graph of u from some direction l (so that Eq. (1) holds).
A shape class S is termed a uniqueness class if, for any (∆, u) and (∆′, u′) in S,

∆ = ∆′ and R(l)(ux, uy) = R(l′)(u′
x, u

′
y) implies l = l′. (2)

Uniqueness classes are natural domains with which light-source estimators can be associ-
ated in an unambiguous manner. Given a uniqueness class S, a light-source estimator for
S is the function LS which, to each member (∆, E) in the corresponding image class ES ,
assigns a unique unit vector l for which Eq. (1) holds. It is clear from this definition that
a shape class rather than a derivative image class is a proper domain of applicability of a
light-source estimator.

A simple example of a uniqueness class is provided by a single pair (∆, u), where ∆ is
an open subset of the xy-plane and u is a C2 function on ∆ with a graph whose Gaussian
curvature is not everywhere zero. To see that (∆, u) with the above properties forms a
uniqueness class, assume that there exists X ∈ ∆ such that

uxx(X)uyy(X) 6= u2
xy(X), (3)



which amounts to the Gaussian curvature of the graph of u at (X, u(X)) being non-zero,
and suppose that R(l)(ux, uy) = R(l′)(ux, uy). Then

aux + buy = c, (4)

where a = l1 − l′1, b = l2 − l′2, and c = l3 − l′3. Differentiating both sides of Eq. (4) with
respect to x and y, we obtain

auxx + buxy = 0,

auxy + buyy = 0.

This together with Eq. (3) shows that a = b = 0, and hence l = l′, thereby establishing
implication (2).

As one might expect, there exist uniqueness classes different from singletons. One
example is the family of pairs of the form (DR(X), u), where DR(X) is the disk in the
xy-plane centered at the point X with radius R, and, letting X = (a, b),

u(x, y) =
√
R2 − (x− a)2 − (y − b)2

is the function whose graph is the hemisphere over DR(X). Chojnacki et al.4 have pre-
sented an analytical formula for the corresponding light-source estimator.

Given an image E over a domain Ω, suppose that we know a priori that a portion of E
over a subdomain ∆ ⊂ Ω has been generated by a shape u belonging to a particular unique-
ness class S. By applying the corresponding estimator LS to (∆, u), we can determine the
illuminant vector l. Next we can proceed to solving Eq. (1) on the whole of Ω. It is obvious
that the success of such an approach relies strongly upon early recognition of various, pos-
sibly vast, uniqueness classes to which a part of a sought-after shape might belong. Below
we comment on how large uniqueness classes can be systematically formed.

The family U of all uniqueness classes can be ordered in a natural way as follows. For
S1,S2 ∈ U, we declare S2 to be a successor of S1 whenever S1 ⊂ S2. We contend that
any uniqueness class is contained in a maximal uniqueness class. In fact, in view of a
set-theoretic result known as the Kuratowski-Zorn lemma,10 it is sufficient to verify that
every linearly ordered subset of U has an upper bound. Let V be a linearly ordered subset
of U. We shall prove that

⋃
S∈V S is an upper bound for V by showing that

⋃
S∈V S is a

uniqueness class. To this end, suppose that (∆, u) and (∆′, u′) are two members of
⋃

S∈V S.
Then (∆, u) ∈ S and (∆′, u′) ∈ S ′ for some S,S ′ ∈ V. Since V is linearly ordered, we
have either S ⊂ S ′ or S ′ ⊂ S. Without loss of generality, we may assume that the first
containment takes place. Then both (∆, u) and (∆′, u′) belong to S ′, and, since S ′ is a
uniqueness class, implication (2) holds, showing that

⋃
S∈V S is a uniqueness class.

The maximal uniqueness classes are the largest families of shapes for which source-
direction estimating makes sense. A given uniqueness class might be a part of many maxi-
mal uniqueness classes. Inspection of the proof of the Kuratowski-Zorn lemma shows that
the formation of maximal uniqueness classes is a subtle process, as in some cases it can be
non-constructive. The most desirable candidate for a maximal uniqueness class is the full



shape class F , defined as the family comprising all pairs (∆, u) such that ∆ is an open sub-
set of the xy-plane and u is a C2 function on ∆. But, as it turns out, F is not a uniqueness
class. This can be derived from the following result of Chojnacki et al.3

Theorem 1 Let ∆ be an open subset of the xy-plane, and let E be a positive C2 function
on ∆. If X is a point in ∆ such that E(X) < 1, then, for each unit vector l = (l1, l2, l3)
with l3 > 0, there exists an open neighbourhood ∆′ ⊂ ∆ of X and a C2 function u on ∆′

satisfying (1).
That the above theorem implies F is not a uniqueness class is seen as follows. Let ∆ be

an open subset of the xy-plane, and let u be a non-constant C3 function on ∆. Then there
exists X ∈ ∆ such that the gradient of u, (ux, uy), does not vanish at X . Take (0, 0, 1) for
l. Letting E be the corresponding image, we have

E(x, y) =
1√

1 + u2
x + u2

y

.

Clearly, E is positive and of class C2 on the whole of ∆, and E(X) < 1. Choose l′ =
(l′1, l

′
2, l

′
3) to be any unit vector different from l with l′3 > 0. By Theorem 1, there exists a

C2 function v satisfying R(l′)(vx, vy) = E(x, y) in some open neighbourhood ∆′ ⊂ ∆ of
X . Consequently, (u,∆′) and (v,∆′) are not simultaneously members of any uniqueness
class. As both these pairs belong to F , it follows that F is not a uniqueness class.

3. Applying source estimators

An important consequence of F not being a uniqueness class is that, for Lambertian
surfaces, the problem of estimating the illuminant vector is ill-posed. Thus no source esti-
mator can be devised so as to be universally applicable to all images. It is not unreasonable
to conjecture that similar results can be established for other shading models incorporating
a source direction. Consequently, successful determination of light-source direction will in
general require some knowledge of the nature of the shape depicted.

In many cases a source estimator LS , associated with a particular uniqueness class S,
is given by an analytical formula f whose domain T contains S as a proper shape sub-
class. T itself may or may not be a uniqueness class. Quite often T will coincide with
the full shape class F . Even if T is a uniqueness class, f will usually be different from
LT and can be viewed merely as an approximation to LT . In general, such an approxima-
tion will be crude for members of T lying “far away” from the initial class S. Consider,
for example, the uniqueness class specified above, consisting of pairs of disk domains and
hemispheres. This class is part of the shape class comprising pairs of elliptical domains
and semi-ellipsoids. It is conceivable that the latter is a uniqueness class. The disk esti-
mator can be applied to all members of the semi-ellipsoidal class. As reported by Gibbins
et al.,6 the performance of the estimator worsens as surfaces to which it is applied move
away in shape from hemispheres. This same observation applies to other methods of esti-
mating source direction11,12,13,14,15 (these approaches have been thoroughly overviewed by
Gibbins5). Our experiments5,6 show that the performance of all these procedures degrades



rapidly outside domains for which they were initially defined. From this it is clear that the
existing estimators are of very limited use in real-world applications.

Nevertheless, it is possible that existing source-estimation techniques can be further
improved. Conceivably, larger uniqueness classes can be found (some of which might
contain, as subclasses, the uniqueness classes underlying the presently known estimators),
and the corresponding light-source estimators can be given an explicit analytical form. In
this vein, it would be interesting to determine whether or not uniqueness classes exist that
admit an arbitrary number of parameters. It would also be interesting to specify some, if not
all, maximal uniqueness classes. However, any automated estimation technique involving
one or another uniqueness class will be of limited applicability, as a good estimate will only
be guaranteed when we know a priori an appropriate uniqueness class. Such a limitation is
a consequence of the fundamental ill-posedness of the source estimation problem.

4. The coupled option

As pointed out above, if a portion of an image is generated by a Lambertian shape that
belongs to a known uniqueness class, then the illuminant vector l can uniquely be deter-
mined, and shape may then be found by solving Eq. (1). In the absence of any clues as to
the identity of a uniqueness class to which a part of a sought-after shape might belong, we
have to adopt another strategy. Namely, we then have to find a pair, or better still all pairs,
(l, u) satisfying Eq. (1), where neither l nor u is known beforehand. Brooks and Horn2

proposed a scheme based on this approach, whereby for a given image a single solution
pair (l, u) is sought. The scheme, however, is not satisfactory, as it often generates way-
ward estimates. New methods must therefore be elaborated to render the coupled approach
successful.

5. Conclusion

In view of the ill-posedness of the source estimation problem and experimental evi-
dence gathered, we infer that a versatile estimator of an illuminant vector is infeasible.
Source estimation schemes can be useful only if the nature of the depicted shape is known
a priori. In general, when such knowledge is unavailable, shape and source direction must
be determined in a coupled manner.
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