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Abstract. The renormalisation technique of Kanatani is intended to iteratively minimise a cost function of a
certain form while avoiding systematic bias inherent in the common method of minimisation due to Sampson.
Within the computer vision community, the technique has generally proven difficult to absorb. This work presents
an alternative derivation of the technique, and places it in the context of other approaches. We first show that the
minimiser of the cost function must satisfy a special variational equation. A Newton-like, fundamental numerical
scheme is presented with the property that its theoretical limit coincides with the minimiser. Standard statistical
techniques are then employed to derive afresh several renormalisation schemes. The fundamental scheme proves
pivotal in the rationalising of the renormalisation and other schemes, and enables us to show that the renormalisation
schemes do not have as their theoretical limit the desired minimiser. The various minimisation schemes are finally
subjected to a comparative performance analysis under controlled conditions.
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1. Introduction

Many problems in computer vision are readily formu-
lated as the need to minimise a cost function with re-
spect to some unknown parameters. Such a cost func-
tion will often involve (known) covariance matrices
characterising uncertainty of the data and will take the
form of a sum of quotients of quadratic forms in the
parameters. Finding the values of the parameters that
minimise such a cost function is often difficult.

One approach to minimising a cost function repre-
sented as a sum of fractional expressions is attributed
to Sampson. Here, an initial estimate is substituted into
the denominators of the cost function, and a minimiser
is sought for the now scalar-weighted numerators. This
procedure is then repeated using the newly obtained
estimate until convergence is obtained. It emerges that
this approach is biased. Noting this, Kenichi Kanatani
developed a renormalisation method whereby an

attempt is made at each iteration to undo the biasing
effects. Many examples may be found in the literature
of problems benefiting from this approach.

In this work, we carefully analyse the renormalisa-
tion concept, and place it in the context of other ap-
proaches. We first specify the general problem form
and an associated cost function to which renormalisa-
tion is applicable. We then show that the cost function
minimiser must satisfy a particular variational equa-
tion. Interestingly, we observe that the renormalisation
estimate is not a theoretical minimiser of the cost func-
tion, and neither are estimates obtained via some other
commonly used methods. This is in contrast to a fun-
damental numerical scheme that we present.

New derivations are given for Kanatani’s first-order
and second-order renormalisation schemes, and sev-
eral variations on the theme are proposed. This serves
as a rationalising of renormalisation, making recourse
to various statistical concepts. Experiments are carried
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out on the benchmark problem of estimating ellipses
from synthetic data points and their covariances. The
renormalisation schemes are shown to perform bet-
ter than more traditional methods in the face of data
exhibiting noise that is anisotropic and inhomoge-
neous. None of the methods outperforms the relatively
straightforward fundamental numerical scheme.

2. Problem Formulation

A wide class of computer vision problems may be
couched in terms of an equation of the form

θTu(x) = 0. (1)

Hereθ = [θ1, . . . , θl ]T is a vector representing un-
known parameters;x = [x1, . . . , xk]T is a vector
representing an element of the data (for example,
the locations of a pair of corresponding points); and
u(x) = [u1(x), . . . ,ul (x)]T is a vector with the data
transformed in such a way that: (i) each component
is a quadratic form in the compound vector [xT , 1]T ,
(ii) one component ofu(x) is equal to 1. An ancillary
constraint may also apply that does not involve the data,
and this can be expressed as

ψ(θ) = 0 (2)

for some scalar-valued functionψ . The estimation
problem can now be stated as follows: Given a col-
lection (x1, . . . , xn) of image data, determineθ 6= 0
satisfying (2) such that (1) holds withx replaced byxi

for 1 ≤ i ≤ n. Whenn > l and noise is present, the
corresponding system of equations is overdetermined
and as such may fail to have a non-zero solution. In this
situation, we are concerned with findingθ that best fits
the data in some sense. The form of this vision prob-
lem involving (known) covariance information was first
studied in detail by Kanatani [12], and later by various
others (see, e.g., [4, 13, 15, 22, 23]).

Conic fitting is one problem of this kind [2, 25].
Two other conformant problems are estimating the co-
efficients of theepipolar equation[6], and estimating
the coefficients of thedifferential epipolar equation
[3, 24]. Each of these problems involves an ancillary
cubic constraint. The precise way in which these ex-
ample problems accord with our problem form is de-
scribed in a companion work [4].

3. Cost Functions and Estimators

A vast class of techniques for solving our problem
rest upon the use of cost functions measuring the ex-
tent to which the data and candidate estimates fail
to satisfy (1). If—for simplicity—one sets aside the
ancillary constraint, then, given a cost functionJ =
J(θ; x1, . . . , xn), a corresponding estimateθ̂ is defined
by

J(θ̂) = min
θ 6=0

J(θ; x1, . . . , xn). (3)

Since (1) does not change ifθ is multiplied by a non-
zero scalar, it is natural to demand thatθ̂ should sat-
isfy (3) together with all theλθ̂, whereλ is a non-zero
scalar. This is guaranteed ifJ is θ-homogeneous:

J(λθ; x1, . . . , xn) = J(θ; x1, . . . , xn)

for every non-zero scalarλ.

Henceforth onlyθ-homogeneous cost functions will
be considered. The assignment ofθ̂ (uniquely defined
up to a scalar factor) tox1, . . . , xn will be termed the
J-basedestimatorof θ.

Once an estimate has been generated by minimising
a specific cost function, the ancillary constraint (if it
applies) can further be accommodated via an adjust-
ment procedure. One possibility is to use a general
scheme delivering an ‘optimal correction’ described
in [12, Chap. 5]. In what follows we shall confine
our attention to the estimation phase that precedes
adjustment.

3.1. Algebraic Least Squares Estimator

A straightforward estimator is derived from the cost
function

JALS(θ; x1, . . . , xn) = ‖θ‖−2
n∑

i=1

θTAiθ,

whereAi = u(xi )u(xi )
T and‖θ‖ = (θ2

1+· · ·+θ2
l )

1/2.
Here each summandθTAiθ is the square of thealge-
braic distance|θTu(xi )|. Accordingly, theJALS-based
estimate ofθ is termed thealgebraic least squares
(ALS) estimateand is denoted̂θALS. It is uniquely de-
termined, up to a scalar factor, by an eigenvector of∑n

i=1 Ai associated with the smallest eigenvalue [4].
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3.2. Approximated Maximum Likelihood Estimator

The ALS estimator treats all data as being equally valu-
able. When information about the measurement errors
is available, it is desirable that it be incorporated into
the estimation process. Here we present an estimator
capable of informed weighting. It is based on the princi-
ple of maximum likelihood and draws upon Kanatani’s
work on geometric fitting [12, Chap. 7].

The measurement errors being generally unknow-
able, we regard the collective data(x1, . . . , xn) as a
sample value taken on by an aggregate of vector-valued
random variables(x1, . . . , xn). We assume that the dis-
tribution of (x1, . . . , xn) is not exactly specified but
is an element of a collection{Pη |η ∈H} of candi-
date distributions, withH the set of all(n+ 1)-tuples
η = (θ; x̄1, . . . , x̄n) such thatθ 6= 0 and

θTu(x̄1) = · · · = θTu(x̄n) = 0. (4)

The candidate distributions are to be such that if a dis-
tribution Pη is in effect, then eachxi (i = 1, . . . ,n) is
a noise-driven, fluctuating quantity aroundx̄i .

We assume that the data come equipped with a col-
lection(Λx1, . . . ,Λxn) of positive definitek×k covari-
ance matrices. These matrices constitute repositories of
prior information about the uncertainty of the data. We
put theΛxi to use by assuming that, for eachη ∈ H,
Pη is the unique distribution satisfying the following
conditions:

• for any i, j = 1, . . . ,n with i 6= j , the random
vectorsxi andx j (or equivalently, the noises behind
xi andx j ) are stochastically independent;
• for eachi, j = 1, . . . ,n, the random vectorxi has

multivariate normal distribution with mean value
vectorx̄i and covariance matrixΛxi , that is:

E[xi ] = x̄i , E[(xi − x̄i )(xi − x̄i )
T ] = Λxi . (5)

Each distribution Pη will readily be described
in terms of a probability density function (PDF)
(x̃1, . . . , x̃n) 7→ f (x̃1, . . . , x̃n |η). Resorting to the
principle of maximum likelihood, we give the greatest
confidence to that choice ofη for which thelikelihood
functionη 7→ f (x1, . . . , xn |η) attains a maximum.
Using the explicit form of the PDF’s involved, one can
show that themaximum likelihood estimateis the

parameter̂ηML at which the cost function

JML (η; x1, . . . , xn) =
n∑

i=1

(xi − x̄i )
TΛ−1

xi
(xi − x̄i )

attains a minimum [4, 12]. Each term in the above sum-
mation represents the squaredMahalanobis distance
betweenxi andx̄i . Note that the value of̂ηML remains
unchanged if the covariance matrices are multiplied by
a common scalar.

The parameterη = (θ; x̄1, . . . , x̄n) naturally splits
into two parts:π1(η) = θ andπ2(η) = (x̄1, . . . , x̄n).
These parts encompass theprincipal parametersand
nuisance parameters, respectively. We are mostly in-
terested in theπ1-part ofη̂ML , which we call the maxi-
mum likelihood estimate ofθ and denotêθML . It turns
out thatθ̂ML can be identified as the minimiser of a
certain cost function does not lend itself to explicit cal-
culation. However, a tractable approximation [4] can
be derived in the form of the function

JAML (θ; x1, . . . , xn)

=
n∑

i=1

θTu(xi )u(xi )
Tθ

θT∂xu(xi )Λxi ∂xu(xi )
Tθ
,

where∂xu(y) = [(∂ui /∂xj )(y)]1≤i≤l ,1≤ j≤k. If, for any
k vectory and anyk× k matrixΛ, we let

B(y,Λ) = ∂xu(y)Λ∂xu(y)T, (6)

and next, for eachi = 1, . . . ,n, let Bi = B(xi ,Λxi ),
thenJAML can be simply written as

JAML (θ; x1, . . . , xn) =
n∑

i=1

θTAiθ

θTBiθ
.

The JAML -based estimate ofθ will be called theap-
proximated maximum likelihood(AML) estimateand
will be denotedθ̂AML .

It should be observed thatJAML can be derived
without recourse to the maximum likelihood principle
by, for example, using a gradient weighted approach
that also incorporates covariances. Various terms may
therefore be used to describe methods that aim to min-
imise a cost function such asJAML , although some
of the terms may not be fully discriminating. Candi-
date labels include ‘heteroscedastic regression’ [13],
‘weighted orthogonal regression’ [1, 9], and ‘gradient
weighted least squares’ [26].
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3.3. Variational Equation

Since θ̂AML is a minimiser ofJAML , it follows that,
whenθ = θ̂AML , the following equation holds:

∂θ JAML (θ; x1, . . . , xn) = 0T . (7)

Here ∂θ JAML denotes the row vector of the partial
derivatives ofJAML with respect toθ. We term the above
equation thevariational equation. Direct computation
shows that

[∂θ JAML (θ; x1, . . . , xn)]
T = 2Xθθ,

whereXθ is the symmetric matrix

Xθ =
n∑

i=1

Ai

θTBiθ
−

n∑
i=1

θTAiθ

(θTBiθ)2
Bi . (8)

Thus (7) can be written as

Xθθ = 0. (9)

This is a non-linear equation and is unlikely to admit
solutions in closed form.

Obviously, not every solution of the variational equa-
tion is a point at which the global minimum ofJAML

is attained. However, the solution set of the equation
provides a severely restricted family of candidates for
the global minimiser. Within this set, the minimiser is
much easier to identify.

4. Numerical Schemes

Closed-form solutions of the variational equation may
be infeasible, so in practicêθAML has to be found
numerically. Throughout we shall assume thatθ̂AML

Figure 1. Fundamental numerical scheme.

lies close toθ̂ALS. This assumption is to increase the
chances that any candidate minimiser obtained via a nu-
merical method seeded witĥθALS coincides withθ̂AML .

4.1. Fundamental Numerical Scheme

A vectorθ satisfies (9) if and only if it falls into the
null space of the matrixXθ. Thus, if θk−1 is a ten-
tative guess, then an improved guess can be obtained
by picking a vectorθk from that eigenspace ofXθk−1

which most closely approximates the null space ofXθ;
this eigenspace is, of course, the one corresponding to
the eigenvalue closest to zero. It can be proved that as
soon as the sequence of updates converges, the limit
is a solution of (9) [4]. Thefundamental numerical
schemeimplementing the above idea is presented in
Fig. 1. The algorithm can be regarded as a variant of
the Newton-Raphson method.

4.2. Sampson’s Scheme

Let

Mθ =
n∑

i=1

Ai

θTBiθ
(10)

and let

J ′AML (θ, ξ; x1, . . . , xn) = θTMξθ

be the modification ofJAML (θ; x1, . . . , xn) in which
the variableθ in the denominators of all the contribut-
ing fractions is “frozen” at the valueξ. For simplicity,
we abbreviateJ ′AML (θ, ξ; x1, . . . , xn) to J ′AML (θ, ξ).

Sampson [19] was the first to propose a scheme aim-
ing to minimise a function involving fractional expres-
sions such asJAML (although his cost functions did not
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Figure 2. Sampson’s scheme.

incorporate covariance matrices).Sampson’s scheme
(SMP) applied toJAML takesθ̂ALS for an initial guess
θ0, and givenθk−1 generates an updateθk by minimis-
ing the cost functionθ 7→ J ′AML (θ,θk−1). Assuming
that the sequence{θk} converges, the Sampson esti-
mate is defined aŝθSMP = limk→∞ θk. Note that each
function J ′AML (θ,θk−1) is quadratic inθ. Finding a
minimiser of such a function is straightforward. The
minimiserθk is an eigenvector ofMθk−1 corresponding
to the smallest eigenvalue; moreover, this eigenvalue is
equal toJ ′AML (θk,θk−1), so

Mθk−1θk = J′AML (θk,θk−1)θk. (11)

Sampson’s scheme is summarised in Fig. 2.
A quick glance shows that this scheme differs from

the fundamental numerical scheme only in that it
uses matrices of the formMθ instead of matrices
of the form Xθ. These two types of matrix are re-
lated by the formulaXθ = Mθ − Eθ, whereEθ =∑n

i= 1[(θTAiθ)/(θ
TBiθ)

2]Bi . Lettingk→∞ in (11)
and taking into account the equalityJ ′AML (θ,θ) =
JAML (θ), we see that̂θSMP satisfies

[Mθ − JAML (θ)I l ]θ = 0, (12)

whereI l is the l × l identity matrix. We call this the
Sampson equation. Note that it is different from the
variational equation (9) and that, as a result,θ̂SMP is
not a genuine minimiser ofJAML .

5. Renormalisation

The matricesMθ − Eθ and Mθ − JAML (θ)I l under-
lying the variational equation (9) and the Sampson
equation (12) can be viewed as modified or normalised

forms ofMθ. As first realised by Kanatani [12], a differ-
ent type of modification can be proposed based on sta-
tistical considerations. The requirement is that the mo-
dified orrenormalisedMθ beunbiasedin some sense.
Using the renormalisedMθ, one can formulate an equa-
tion analogous to both the variational and Sampson
equations. This equation can in turn be used to define
an estimate ofθ.

Here we rationalise the unbiasing procedure under
the condition that noise in an appropriate statistical
model is small. In the next section, various schemes
will be presented for numerically computing the pa-
rameter estimate defined in this procedure. A later sec-
tion will be devoted to the derivation of an unbiasing
procedure appropriate for noise that is not necessarily
small, and to the development of schemes for numeri-
cally computing the parameter estimate defined in this
more general procedure.

5.1. Unbiasing Mθ

Regard the given data(x1, . . . , xn) as a value taken
on by the random vectors(x1, . . . , xn) introduced ear-
lier. Suppose that(x1, . . . , xn) has distributionPη for
someη = (θ; x̄1, . . . , x̄n). Form the following random
version ofMθ

Mη =
n∑

i=1

1

θTB(x̄i ,Λxi )θ
A(xi )

with ‘true’ value

M̄η =
n∑

i=1

1

θTB(x̄i ,Λxi )θ
A(x̄i ).
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In view of (4), A(x̄i )θ = 0, for eachi = 1, . . . ,n, so
M̄ηθ = 0 and furtherM̄ηθ = 0. On the other hand,
since each rank-one matrixA(xi ) is non-negative def-
inite, and since also eachB(x̄i ,Λxi ) is non-negative
definite,1 Mη is non-negative definite. As theA(xi ) are
independent,Mη is generically positive definite, with
E[θT Mηθ] > 0. Thus on averageθT Mηθ does not at-
tain its ‘true’ value of zero, and as such is biased. The
bias can be removed by forming the matrix

n∑
i=1

θTA(xi )θ − E[θTA(xi )θ]

θTB(x̄i ,Λxi )θ
.

The termsE[θTA(xi )θ] can be calculated explicitly.
There is a matrix-valued function(x,Λ) 7→ D(x,Λ),
to be specified later, such that, for eachi = 1, . . . ,n,

E[θTA(xi )θ] = θTD(x̄i ,Λxi )θ. (13)

The unbiasedMη can be written as

Yη =
n∑

i=1

A(xi )− D(x̄i ,Λxi )

θTB(x̄i )θ
. (14)

The random matrixYη is a raw model for obtaining a
fully deterministic modification ofMθ. For eachi =
1, . . . ,n, letDi = D(xi ,Λxi ). Guided by (14), we take

Yθ =
n∑

i=1

Ai − Di

θTBiθ
(15)

for a modifiedMθ. Somewhat surprisingly, this choice
turns out not to be satisfactory. The problem is that
while theAi do not change when theΛxi are multiplied
by a common scalar, theDi do change. A properly de-
signed algorithm employing a modifiedMθ should give
as outcomes values that remain intact when all theΛxi

are multiplied by a common scalar. This is especially
important if we aim not only to estimate the parameter,
but also to evaluate the goodness of fit. Therefore fur-
ther change to the numerators of the fractions forming
Yθ is necessary.

The dependence ofD(x,Λ) onΛ is fairly complex.
To gain an idea of what needs to be changed, it is in-
structive to consider a simplified form ofD(x,Λ). A
first-order (in some sense) approximation toD(x,Λ)
is, as will be shown shortly, the matrixB(x,Λ) defined
in (6). The dependence ofB(x,Λ) on Λ is simple:
if Λ is multiplied by a scalar, thenB(x,Λ) is multi-
plied by the same scalar. This suggests we introduce

acompensating factor Jcom(θ; x1, . . . , xn), or Jcom(θ)
in short, with the property that if theΛxi are multi-
plied by a scalar, thenJcom(θ) is multiplied by the in-
verse of this scalar. With the help ofJcom(θ), we can
form, for eachi = 1, . . . ,n, arenormalisednumerator
θTAiθ − Jcom(θ)θ

TBiθ and can next set

Yθ =
n∑

i=1

Ai − Jcom(θ)Bi

θTBiθ
= Mθ − Jcom(θ)Nθ, (16)

whereMθ is given in (10) andNθ is defined by

Nθ =
n∑

i=1

1

θTBiθ
Bi . (17)

The numerators in (16) are clearly scale invariant. Note
that Jcom(θ) plays a role similar to that played by the
factors(θTAiθ)/(θ

TBiθ) in the formula forXθ given
in (8). Indeed, if theΛxi are multiplied byλ, then so
are theBi , and consequently the(θTAiθ)/(θ

TBiθ)
are multiplied byλ−1. The main difference between
Jcom(θ) and the(θTAiθ)/(θ

TBiθ) is that these lat-
ter fractions change with the indexi , while Jcom(θ) is
common for all the numerators involved.

To find a proper expression forJcom(θ), we take a
look atXθ for inspiration. Note that, on account of (8),
θTXθθ = 0. By analogy, we demand thatθTYθθ = 0.
This equation together with (16) implies that

Jcom(θ; x1, . . . , xn) = θ
TMθθ

θTNθθ
= 1

n

n∑
i=1

θTAiθ

θTBiθ
.

(18)

It is obvious thatJcom(θ) thus defined has the prop-
erty required of a compensating factor. Moreover, this
form of Jcom(θ) is in accordance with the unbiased-
ness paradigm. Indeed, if we form the random version
of Jcom

Jcom(θ; x1, . . . , xn) = 1

n

n∑
i=1

θTA(xi )θ

θTB(x̄i ,Λxi )θ
,

then, insofar asE[θTA(xi )θ] = θTB(x̄i ,Λxi )θ, we
have, abbreviatingJcom(θ; x1, . . . , xn) to Jcom(θ),

E[Jcom(θ)] = 1 (19)
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and further

E

[
n∑

i=1

θTA(xi )θ − Jcom(θ)θ
TB(x̄i ,Λxi )θ

θTB(x̄i ,Λxi )θ

]
= 0.

We see thatYη given by

Yη =
n∑

i=1

A(xi )− Jcom(θ)B(x̄i ,Λxi )

θTB(x̄i ,∆xi )θ

is unbiased, which justifies the design ofYθ.
Since, in view of (19),Jcom(θ) is equal to 1 in the

mean, the difference between

n∑
i=1

θTAiθ − Jcom(θ)θ
TBiθ

θTBiθ

and

n∑
i=1

θTAiθ − θTBiθ

θTBiθ

is blurred on average. Thus the refined renormalisation
based on (16) is close in spirit to our original normali-
sation based on (15).

5.2. Renormalisation Equation

Therenormalisation equation

Yθθ = 0. (20)

is an analogue of the variational and Sampson equa-
tions alike. It is not naturally derived from any specific
cost function, and, as a result, it is not clear whether
it has any solution at all. A general belief is that in
the close vicinity ofθ̂ALS there is a solution and only
one. This solution is termed therenormalisation esti-
mateand is denoted̂θREN. Since the renormalisation
equation is different from the variational and Sampson
equations,̂θREN is distinct both fromθ̂AML andθ̂SMP.
It should be stressed that the difference betweenθ̂REN

andθ̂AML may be unimportant as both these estimates
can be regarded as first-order approximations toθ̂ML

and hence are likely to be statistically equivalent.
In practice,θ̂REN is represented as the limit of a

sequence of successive approximations to whatθ̂REN

should be. If, under favourable conditions, the sequence
is convergent, then the limit is a genuine solution of
(20). Various sequences can be taken to calculateθ̂REN

in this way. The simplest choice results from mim-
icking the fundamental numerical scheme as follows.
Take θ̂ALS to be an initial guessθ0. Suppose that an
updateθk−1 has already been generated. FormYθk−1,
compute an eigenvector ofYθk−1 corresponding to the
eigenvalue closest to zero, and take this eigenvector
for θk. If the sequence{θk} converges, take the limit
for θ̂REN. It can be shown that̂θREN thus defined au-
tomatically satisfies (20). This recipe for calculating
θ̂REN constitutes what we term therenormalisation al-
gorithm.

6. First-Order Renormalisation Schemes

First-order renormalisation is based on the formula

D(x,Λ) = B(x,Λ), (21)

as already pointed out in Subsection 5.1. To justify
this formula, we retain the sequence of independent
random vectors(x1, . . . , xn) as a model for our data
(x1, . . . , xn). We assume that(x1, . . . , xn) has distribu-
tion Pη for someη = (θ; x̄1, . . . , x̄n). We also make
a fundamental assumption to the effect that the noise
driving eachxi is small. For simplicity, denotexi by
x, and contractΛxi to Λ. Since the noise drivingx is
small, we can replaceu(x) by the first-order sum in
the Taylor expansion aboutx̄, u(x̄) + ∂xu(x̄)(x − x̄),
and next, taking into account thatθTu(x̄) = 0, we can
write

θTu(x) = θT∂xu(x̄)(x − x̄).

Hence

θTA(x)θ = θT∂xu(x̄)(x − x̄)(x − x̄)T∂xu(x̄)Tθ

and further, in view of (5) and (6),

E[θTA(x)θ] = θT∂xu(x̄)Λ∂xu(x̄)Tθ

= θTB(x̄,Λ)θ,

which, on account of (13), establishes (21).
With the formula (21) validated, we can safely use

Yθ in the form given in (16) (withJcom given in (18)).
The respective renormalisation estimate will be called
thefirst-order renormalisation estimateand will be de-
notedθ̂REN1.
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Figure 3. First-order renormalisation scheme, Version I.

6.1. The FORI Scheme

By introducing an appropriate stopping rule, the renor-
malisation algorithm can readily be adapted to suit
practical calculation. In the case of first-order renor-
malisation, the resulting method will be termed the
first-order renormalisation scheme, Version I,or sim-
ply the FORI scheme. It is given in Fig. 3.

6.2. The FORII Scheme

The FORI scheme can be slightly modified. The result-
ing first-order renormalisation scheme, Version II,or
the FORII scheme, is effectively one of two schemes
proposed by Kanatani [12, Chap. 12] (the other con-
cerns second-order renormalisation).

Introduce a function

J ′com(θ, ξ; x1, . . . , xn) = θ
TMξθ

θTNξθ
.

AbbreviatingJ ′com(θ, ξ; x1, . . . , xn) to J ′com(θ, ξ), let

Yθ,ξ =
n∑

i=1

Ai − J ′com(θ, ξ)Bi

ξTBi ξ
= Mξ − J ′com(θ, ξ)Nξ.

It is immediately verified that

θTYθ,ξθ = 0 (22)

for eachθ and eachξ 6= 0. We also have that

J ′com(θ,θ) = Jcom(θ) (23)

and

Yθ,θ = Yθ. (24)

As previously, takêθALS to be an initial guessθ0. Sup-
pose that an updateθk−1 has already been generated.
Then

Yθk−1 = Yθk−1,θk−1 = Mθk−1 − ck−1Nθk−1, (25)

whereck−1 = J ′com(θk−1,θk−1). Letθk be a normalised
eigenvector ofYθk−1 corresponding to the smallest
eigenvalueλk. In view of (25), the updateYθk is
straightforwardly generated from the updatesMθk,Nθk,
andck. It turns out that, under a certain approximation,
ck can be updated directly fromck−1 rather than by
appealing to the above formula.

We have

θT
k

(
Mθk−1 − ck−1Nθk− 1

)
θk = λk.

Substitutingθk for θ andθk−1 for ξ in (22), we obtain

θT
k

(
Mθk−1 − J′com(θk,θk− 1)Nθk−1

)
θk = 0.

The last two equations imply that

J ′com(θk,θk−1) = ck−1+ λk

θk
TNθk−1θk

. (26)

Now, assume thatJ ′com(θk,θk−1)= J ′com(θk,θk); since
both terms are close toJcom(θk), this is a realistic
assumption. Under this assumption we haveck =
J ′com(θk,θk), and Eq. (26) becomes

ck = ck−1+ λk

θT
k Nθk−1θk

. (27)

This is a formula for successive updating of theck.
Defining consecutiveYθk with the help ofMθk, Nθk and
ck as in (25), and proceeding as in the FORI scheme,
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Figure 4. First-order renormalisation scheme, Version II.

we obtain a sequence{θk}. If it converges, we take
the corresponding limit for̂θREN1. It can be shown that
θ̂REN1 thus defined satisfies the renormalisation equa-
tion. Thefirst-order renormalisation scheme, Version
II , or the FORII scheme, based on the above algorithm
is summarised in Fig. 4.

6.3. The FORIII Scheme

With the help of the functionJ ′com, yet another defining
sequence can be constructed. Takeθ̂ALS for an initial
guessθ0. Suppose that an updateθk−1 has already been
generated. Defineθk to be the minimiser of the function
θ 7→ J ′com(θ,θk−1):

J ′com(θk,θk−1) = min
θ 6=0

J ′com(θ,θk−1).

Since

[∂θ J ′com(θ, ξ)]
T = 2Zθ,ξθ,

where

Zθ,ξ = Mξ

θTNξθ
− θTMξθ(

θTNξθ
)2 Nξ

= Mξ − J ′com(θ, ξ)Nξ
θTNξθ

= Yθ,ξ
θTNξθ

,

it follows thatθk satisfies

Yθ,θk−1θ = 0. (28)

Assuming that the sequence{θk} converges, let
θ̂REN1= limk→∞ θk. Then, clearly,̂θREN1 satisfies

Yθ,θθ = 0,

which is an equation equivalent to (20). Note that in
this method̂θREN1 is defined as the limit of a sequence
of minimisers of cost functions. As such the algorithm
is similar to Sampson’s algorithm, but the latter, of
course, uses different cost functions.

The minimisersθk can be directly calculated. To see
this, rewrite (28) as

Mθk−1θ = J ′com(θ,θk−1)Nθk−1θ.

We see thatθk is an eigenvector andJ ′com(θ,θk−1)

is a corresponding eigenvalue of the linear pencil
Pk−1 :µ 7→ Pk−1(µ) defined by

Pk−1(µ) = Mθk−1 − µNθk−1 (µ a real number).

If ξ is any eigenvector ofPk−1 with eigenvectorλ

Mθk−1ξ = λNθk−1ξ,

then, necessarily,J ′com(ξ,θk−1)= λ. Since J ′com(θk,

θk−1)≤ J ′com(ξ,θk−1)we conclude thatJ ′com(θk,θk−1)

≤ λ. Thusθk is an eigenvector ofPk−1 corresponding
to the smallest eigenvalue. This observation leads to the
first-order renormalisation, Version III, or the FORIII
scheme, given in Fig. 5. The matricesNθk−1 are singu-
lar, so the eigenvalue problem forPk−1 is degenerate.
A way of reducing this problem to a non-degenerate
one, based on the special form of the matricesMθ and
Nθ, is presented in [4].

7. Second-Order Renormalisation

Second-order renormalisation rests on knowledge of
the exact form ofD(x). Here we first determine this
form and next use it to evolve a second-order renormal-
isation estimate and various schemes for calculating it.
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Figure 5. First-order renormalisation scheme, Version III.

7.1. CalculatingD(x,Λ)

Determining the form of D(x,Λ) is tedious but
straightforward. We commence by introducing some
notation.

Let x = [x1, . . . , xk] be the vector of variables.
Append to this vector a unital component, yielding

y= [xT , 1]T = [y1, . . . , yk+1]T .

Let u(x) = [u1(x), . . . ,ul (x)]T be the vector of car-
riers. Given the special form ofu(x) as described in
Section 2, eachuγ (x) (γ = 1, . . . , l ) can be expressed
as

uγ (x) = yTKγ y, (29)

whereKγ = [kγ,αβ ] is a symmetric(k+ 1)× (k+ 1)
matrix. In what follows we adopt Einstein’s conven-
tion according to which the summation sign for re-
peated indices is omitted. With this convention, Eq. (29)
becomes

uγ (x) = kγ,αβ yαyβ. (30)

Let x be a random Gaussiank vector with meanx
and covariance matrixΛ = [σαβ ]. Define a random
vectory = [xT , 1]T . Clearly,y has

ȳ= [x̄T , 1]T = [ ȳ1, . . . , ȳk+1]T

for the mean, and the(k + 1) × (k + 1) matrix [sαβ ]

defined by

sαβ =
{
σαβ if 1 ≤ α, β ≤ k,

0 otherwise

for the covariance matrix. Let1y = y − ȳ. Suppose
thatθT = [θ1, . . . , θl ] satisfies

θTu(x̄) = θγ kγ,αβ ȳα ȳβ = 0. (31)

Since

θTA(x)θ = θTu(x)u(x)Tθ

= θγ θγ ′kγ,αβkγ ′,α′β ′yαyβyα′yβ ′ ,

we have

E[θTA(x)θ] = θγ θγ ′kγ,αβkγ ′,α′β ′E[yαyβyα′yβ ′ ].

Now

E[yαyβyα′yβ ′ ] = ȳα ȳβ ȳα′ ȳβ ′ + ȳα ȳβsα′β ′ + ȳα ȳα′sββ ′

+ ȳα ȳβ ′sα′β + ȳα′ ȳβsαβ ′

+ ȳβ ȳβ ′sαα′ + ȳα′ ȳβ ′sαβ

+E[1yα1yα′1yβ1yβ ′ ].

By a standard result about moments of the multivariate
normal distribution,

E[1yα1yβ1yα′1yβ ′ ] = sαβsα′β ′ + sαα′sββ ′ + sαβ ′sα′β.
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In view of (31),

θγ kγ,αβ ȳα ȳβ = 0 and θγ ′kγ ′,α′β ′ ȳα′ ȳβ ′ = 0,

and so

θγ θγ ′kγ,αβkγ ′,α′β ′E[yαyβyα′yβ ′ ]

= θγ θγ ′kγ,αβkγ ′,α′β ′(ȳα ȳα′sββ ′ + ȳα ȳβ ′sα′β

+ ȳα′ ȳβsαβ ′ + ȳβ ȳβ ′sαα′ + sαβsα′β ′

+ sαα′sββ ′ + sαβ ′sα′β).

Hence

E[θTA(x)θ]= θγ θγ ′kγ,αβkγ ′,α′β ′(ȳα ȳα′sββ ′

+ ȳα ȳβ ′sα′β + ȳα′ ȳβsαβ ′ + ȳβ ȳβ ′sαα′

+ sαβsα′β ′ + sαα′sββ ′ + sαβ ′sα′β). (32)

Let D1(x̄,Λ) = [d1,γ γ ′ ] and D2(x̄,Λ) = [d2,γ γ ′ ] be
thel × l matrices defined by

d1,γ γ ′ = kγ,αβkγ ′,α′β ′(ȳα ȳα′sββ ′ + ȳα ȳβ ′sα′β

+ ȳα′ ȳβsαβ ′ + ȳβ ȳβ ′sαα′), (33)

d2,γ γ ′ = kγ,αβkγ ′,α′β ′(sαβsα′β ′ + sαα′sββ ′ + sαβ ′sα′β).

With these matrices, (32) can be written as

E[θTA(x)θ] = θT (D1(x̄,Λ)+ D2(x̄,Λ))θ.

Hence

D(x,Λ) = D1(x,Λ)+ D2(x,Λ), (34)

which is the desired formula.

7.2. Redefining Jcom(θ) andYθ

We retain the framework of Subsection 5.1, but use
the full expression forD(x,Λ) instead of the first-
order approximation. We aim to modify, for each
i = 1, . . . ,n, the numeratorθTAiθ into a term sim-
ilar to θTAiθ − θTDiθ (recall thatDi = D(xi ,Λxi )),
remembering the need for suitable compensation for
scale change. The main problem now is thatD(x,Λ)
does not change equivariantly withΛ. Under the scale
changeΛ 7→ λΛ, the two components ofD(x,Λ) de-
fined in (34) undergo two different transformations:
D1(x,Λ) 7→ λD1(x,Λ) andD2(x,Λ) 7→ λ2D2(x,Λ).

We adopt a solution as follows. We introduce a compen-
sating factorJcom(θ; x1, . . . , xn), or Jcom(θ) in short,
with the property that if theΛxi are multiplied byλ,
thenJcom(θ) is multiplied byλ−1. We place this factor
in front of D1,i = D1(xi ,Λxi ), its square in front of
D2,i = D2(xi ,Λxi ), and form a modified numerator as
follows:

θTAiθ− Jcom(θ)θ
TD1,iθ− Jcom(θ)

2θTD2,iθ. (35)

This numerator is obviously invariant with respect to
scale change. In analogy to (17), we introduce

N1,θ =
n∑

i=1

1

θTBiθ
D1,i ,

(36)

N2,θ =
n∑

i=1

1

θTBiθ
D2,i

and, in analogy to (16), let

Yθ = Mθ − Jcom(θ)N1,θ − Jcom(θ)
2N2,θ . (37)

Demanding again thatθTYθθ = 0, we obtain the
following quadratic equation forJcom(θ):

θTMθθ − Jcom(θ)θ
TN1,θθ − Jcom(θ)

2 θTN2,θθ = 0.

This equation has two solutions

J±com(θ)

=
±
√
(θTN1,θθ)2+ 4θTN2,θθ · θTMθθ − θTN1,θθ

2θTN2,θθ
.

As Mθ is positive definite, andN1,θ andN2,θ are non-
negative definite, we haveJ−com(θ) ≤ 0 andJ+com(θ) ≥
0. Since the compensating factor used in the first-order
renormalisation is non-negative, we take, by analogy,
J+com(θ) to be a compensating factor and denote it by
Jcom(θ); thus

Jcom(θ)

=
√
(θTN1,θθ)2+ 4θTN2,θθ · θTMθθ − θTN1,θθ

2θTN2,θθ
.

(38)

Multiplying both numerator and denominator ofJcom

by [(θTN1,θθ)
2+ 4θTN2,θθ · θTMθθ]1/2+ θTN1,θθ,
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we see that

Jcom(θ)

= 2θTMθ√
(θTN1,θθ)2+ 4θTN2,θθ · θTMθθ + θTN1,θθ

.

(39)

If θTN2,θθ ·θTMθθ is small compared to(θTN1,θθ)
2,

then we may readily infer that

Jcom(θ) ≈ θTMθθ

θTN1,θθ
.

This expression is very similar to formula (18) for
Jcom(θ), which indicates that the solution adopted is
consistent with the first-order renormalisation.

InsertingJcom(θ) given in (38) into (37), we obtain
a well-defined expression forYθ. We can now use it to
define a renormalisation estimate using the renormali-
sation Eq. (20). We call this estimate thesecond-order
renormalisation estimateand denote it̂θREN2.

7.3. The SORI Scheme

Mimicking the FORI scheme, we can readily advance
a scheme for numerically findinĝθREN2. We call this
the second-order renormalisation scheme, Version I,
or the SORI scheme. Its steps are given in Fig. 6.

7.4. The SORII Scheme

The SORI scheme can be modified in a similar way
to that employed with the FORI scheme. The resulting
second-order renormalisation scheme, Version II,or

Figure 6. Second-order renormalisation scheme, Version I.

the SORII scheme, is effectively the second of the two
schemes originally proposed by Kanatani.

Introduce

J ′com(θ, ξ; x1, . . . , xn)

=
√
(θTN1,ξθ)2+ 4θTN2,ξθ · θTMξθ − θTN1,ξθ

2θTN2,ξθ
.

(40)

AbbreviatingJ ′com(θ, ξ; x1, . . . , xn) to J ′com(θ, ξ), let

Yθ,ξ = Mξ − J ′com(θ, ξ)N1,ξ − [ J ′com(θ, ξ)]
2 N2,ξ.

(41)

It is immediately verified that again Eqs. (22), (23) and
(24) hold.

Again, takeθ̂ALS to be an initial guessθ0. Suppose
that an updateθk−1 has already been generated. Note
that

Yθk−1,θk−1 =Mθk−1 − ck−1N1,θk−1 − c2
k−1N2,θk−1, (42)

where

ck−1 = J ′com(θk−1,θk−1). (43)

Letθk be a normalised eigenvector ofYθk−1 correspond-
ing to the smallest eigenvalueλk. We intend to find an
updateck appealing directly tock−1. To this end, ob-
serve that

θT
k

(
Mθk−1 − ck−1N1,θk−1 − c2

k−1N2,θk−1

)
θk = λk. (44)

Substitutingθk for θ and θk−1 for ξ in (22), tak-
ing into account (41), assumingJ ′com(θk,θk−1) =
J ′com(θk,θk) (as we did when deriving the FORII
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scheme), and taking into account that, by (43),
J ′com(θk,θk) = ck, we obtain

θk
T(Mθk−1 − ckN1,θk−1 − c2

kN2,θk−1

)
θk = 0.

Combining this equation with (44) yields

λk − (ck − ck−1)θ
T
k N1,θk−1θk

− (c2
k − c2

k−1

)
θT

k N2,θk−1θk = 0. (45)

Let1ck−1 = ck − ck−1. Taking into account thatc2
k −

c2
k−1 = 1ck−1(1ck−1+ 2ck−1), we can rewrite (45) as

the quadratic constraint on1ck−1 given by

λk −1ck−1θ
T
k N1,θk−1θk −1ck−1(1ck−1+ 2ck−1)

×θT
k N2,θk−1θk = 0. (46)

Let

Dk−1 =
[
θT

k N1,θk−1θk + 2ck−1θ
T
k N2,θk−1θk

]2
+ 4λkθ

T
k N2,θk−1θk.

Equation (46) has two solutions

1±ck−1

= ±
√

Dk−1− θT
k N1,θk−1θk − 2ck−1θ

T
k N2,θk−1θk

2θT
k N2,θk−1θk

,

(47)

which are real whenDk−1 ≥ 0.
Suppose thatDk−1 ≥ 0. If ck were directly defined

by (43), it would be non-negative. It is therefore rea-
sonable to insist thatck obtained by updatingck−1 also
be non-negative. This requirement can be met by set-
ting c0 = 0 and next by ensuring that1ck−1 ≥ 0 for
all k. For this reason, we select1+ck−1 to be1ck−1,
obtaining

ck = ck−1

+
√

Dk−1− θT
k N1,θk−1θk − 2ck−1θ

T
k N2,θk−1θk

2θT
k N2,θk−1θk

.

(48)

To treat the caseDk−1 < 0, we first multiply the
numerator and denominator of the fractional expression
in (48) by

√
Dk−1+ θT

k N1,θk−1θk + 2ck−1θ
T
k N2,θk−1θk,

obtaining

ck= ck−1

+ 2λk√
Dk−1+ θT

k N1,θk−1θk + 2ck−1θ
T
k N2,θk−1θk

.

Next we note that ifθT
k N2,θk−1θk is small compared

to θT
k N1,θk−1θk, thenDk−1 ≈ (θT

k N1,θk−1θk)
2, whence√

Dk−1+ θT
k N1,θk−1θk + 2ck−1θ

T
k N2,θk−1θk

≈ 2θT
k N1,θk−1θk

and further

ck ≈ ck−1+ λk

θT
k N1,θk−1θk

.

This formula is very similar to (27). We use it with
the equality sign instead of the approximation sign to
generateck in the caseDk−1 < 0.

In this way, we arrive at the following update for-
mula:

ck =



ck−1 +
√

Dk−1 − θT
k N1,θk−1

θk − 2ck−1θ
T
k N2,θk−1

θk

2θT
k N2,θk−1

θk

if Dk−1 ≥ 0,

ck−1 + λk

θT
k N1,θk−1

θk

if Dk−1 < 0.

(49)

The SORII scheme can now be formulated as in Fig. 7.

7.5. The SORIII Scheme

The estimatêθREN2 can be represented as a limit of a
sequence of minimisers of cost functions as follows.
Takeθ̂ALS for an initial guessθ0. Suppose that an up-
dateθk−1 has already been generated. Defineθk to be
the minimiser of the functionθ 7→ J ′com(θ,θk−1):

J ′com(θk,θk−1) = min
θ 6=0

J ′com(θ,θk−1).

Assuming that the sequence{θk} converges, take
limk→∞ θk for θ̂REN2. It can readily be shown that
θ̂REN2 thus defined satisfiesYθθ = 0. It also can be
shown that eachθk satisfies

Mθk−1θ = J ′com(θ,θk−1)N1,θk−1θ

+ [ J ′com(θ,θk−1)]
2N2,θk−1θ. (50)
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Figure 7. Second-order renormalisation scheme, Version II.

We see thatθk is an eigenvector andJ ′com(θk,θk−1) is a
corresponding eigenvalue of thequadratic pencil
Pk−1:µ 7→ Pk−1(µ) defined by

Pk−1(µ) = Mθk−1 − µN1,θk−1 − µ2N2,θk−1

(µ a real number).

In fact,θk is an eigenvector ofPk−1 corresponding to
the smallest eigenvalue. This observation leads to the
second-order renormalisation scheme, Version III, or
the SORIII scheme, given in Fig. 8.

The eigenvalue problem for a quadratic pencil can
readily be reduced to the eigenvalue problem for a lin-
ear pencil. Indeed,ξ andλ satisfy

Mξ = λN1ξ + λ2N2ξ (51)

if and only if there existsξ′ such that[
M −N1

0 I l

][
ξ

ξ′

]
= λ

[
0 N2

I l 0

][
ξ

ξ′

]
,

Figure 8. Second-order renormalisation scheme, Version III.

in which case, necessarily,ξ′ = λξ. The matricesN1

and N2 appropriate for the SORIII scheme are non-
negative definite, but not necessarily positive definite.
A way of reducing the problem (51) to a similar prob-
lem involving positive definite matricesM ′, N′1 N′2 is
given in [4]. This method takes advantage of the special
form of the matricesMθ, N1,θ, andN2,θ.

8. Experimental Results

The previously derived algorithms were tested on the
problem of conic fitting, which constitutes a classical
benchmark problem in the literature [2, 5, 7, 8, 10,
11, 16–20, 25]. Specifically, the fitting algorithms were
applied to contaminated data arising from a portion of
an ellipse.

Synthetic testing is employed here as this enables
precise control of the nature of the data and their as-
sociated uncertainties. Results obtained in real world
testing, in applications domains described earlier, are
presented in subsequent work.
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Our tests proceeded as follows. A randomly oriented
ellipse was generated such that the ratio of its major to
minor axes was in the range [2, 3], and its major axis
was approximately 200 pixels in length. One third of
the ellipse’s boundary was chosen as the base curve,
and this included the point of maximum curvature of
the ellipse. A set oftrue pointswas then randomly
selected from a distribution uniform along the length
of the base curve.

For each of the true points, a covariance matrix was
randomly generated (using a method described below)
in accordance with some chosenaverage level of noise,
σ . The true points were then perturbed randomly in
accordance with their associated covariance matrices,
yielding the data points. In general, the noise con-
formed to an inhomogeneous and anisotropic distri-
bution. Figure 9 shows a large ellipse, some selected
true points, a small ellipse for each of these points and
the data points. Each of the smaller ellipses represents
a level set of the probability density function used to
generate the datum, and as such captures graphically
the nature of the uncertainty described by its covariance
matrix.

The following procedure was adopted for generat-
ing covariance matrices associated with image points,
prescribing (anisotropic and inhomogeneous) noise at
a given average levelσ . The scaleα of a particular co-
variance matrix was first selected from a uniform dis-
tribution in the range [0, 2σ ]. (Similar results were ob-
tained using other distributions aboutσ .) Next, a skew

Figure 9. True ellipse, data, and associated covariance ellipses.

parameterβ was generated from a uniform distribution
between 0 and 0.5. An intermediate covariance matrix
was then formed by setting

Λ′ = α
[
β 0
0 1− β

]
.

This matrix was then ‘rotated’ by an angleγ selected
from a uniform distribution between 0 and 2π to gen-
erate the final covariance

Λ = OγΛ′Oγ
T

with

Oγ =
[
cosγ − sinγ
sinγ cosγ

]
.

Let TrA denote the trace of the matrixA. Since TrΛ =
Tr Λ′ = α andE[α] = σ , it is clear that the above
procedure ensures thatE[Tr Λ] = σ .

With the data points and their associated covariances
prepared, each method under test was then challenged
to determine the coefficients of the best fitting conic.
(Note, therefore, that it was not assumed that the conic
was an ellipse.) The methods were supplied with the
data points, and if a specific method was able to utilise
uncertainty information, it was also supplied with the
data points’ covariance matrices. Then estimates were
generated, and for each of these a measure of the error
was computed using a recipe given below. Testing was
repeated many times using newly generated data points
(with the covariance matrices and true data points re-
maining intact). The average errors were then displayed
for each method.

The error measure employed was as follows. Assume
that a particular method has estimated an ellipse. The
error in this estimate was declared to be the sum of
the shortest (Euclidean) distances of eachtrue point
from the estimated ellipse. Note that this measure takes
advantage of the fact that the underlying true points are
known. Were these unknown, an alternative measure
might be the sum of the Mahalanobis distances from
the data points to the estimated ellipses.

The methods tested were as follows:

• ALS = algebraic least squares scheme,
• SMP= Sampson’s scheme,
• FORI = first-order renormalisation scheme 1,
• FORII = first-order renormalisation scheme 2,
• FORIII = first-order renormalisation scheme 3,
• SORI = second-order renormalisation scheme 1,
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Table 1. Error results obtained for all methods.

Scheme
Average
noise level ALS SMP FOR I FOR II FOR III SOR I SOR II SOR III FNS

1.0 2.710 1.093 1.072 1.072 1.071 1.093 1.093 1.071 1.075

2.0 5.579 2.078 1.990 1.987 1.987 2.078 2.078 1.987 1.976

3.0 8.340 3.169 3.077 3.067 3.067 3.169 3.169 3.067 3.049

4.0 11.889 4.515 4.153 4.147 4.147 4.513 4.514 4.147 4.136

5.0 15.091 5.662 5.129 5.092 5.092 5.655 5.661 5.092 5.054

6.0 19.135 7.099 6.128 6.136 6.136 7.091 7.098 6.137 6.102

7.0 22.919 8.103 6.970 6.898 6.898 8.089 8.101 6.898 6.893

8.0 26.036 9.294 8.115 8.037 8.037 9.254 9.288 8.037 7.966

9.0 31.906 10.791 9.036 8.948 8.948 10.748 10.776 8.950 8.827

10.0 34.118 12.403 10.658 10.571 10.571 13.242 12.387 10.573 10.485

0 2 4 6 8 10
Average noise level (pixels)

0

5

10

15

A
ve

ra
ge

 e
rr

or
 (

pi
xe

ls
)

ALS

Group 1

Group 2

Figure 10. Error results against average noise level depicted graphically. ALS refers to the algebraic least squares method (with some errors
out of range). Group 1 comprises SMP, SORI, SORII. Group 2 comprises FORI, FORII, FORIII, SORIII, FNS. See tabulated results for details.
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• SORII = second-order renormalisation scheme 2,
• SORIII = second-order renormalisation scheme 3,
• FNS= Fundamental numerical scheme.

Table 1 shows the average error obtained when each
method was applied to 500 sets of data points, with
σ varying from 1 to 10 pixels in steps of 1. Each set
of data points was obtained by perturbing 60 given
(true) points. Figure 10 shows the tabular data in graph-
ical form. The algebraic least squares method per-
forms worst while some of the renormalisation schemes
and the fundamental numerical scheme perform best.
Sampson’s method is systematically deficient, gener-
ating average errors up to 22% greater than the best
methods. The SORI and SORII schemes are similarly
deficient; however, they are best seen as incremental
developments leading to SORIII. Finally, the FORI,
FORII, FORIII and SORIII schemes are seen to trail
FNS only very slightly.

9. Conclusion

The statistical approach to parameter estimation prob-
lems of Kenichi Kanatani occupies an important place
within the computer vision literature. However, a crit-
ical component of this work, the so-called renormal-
isation method, concerned with minimising particular
cost functions, has proven difficult for the vision com-
munity to absorb. Our major aim in this paper has been
to clarify a number of issues relating to this renormal-
isation method.

For a relatively general problem form, encompass-
ing many vision problems, we first derived a practical
cost function for which claims of optimality may be ad-
vanced. We then showed that a Sampson-like method
of minimisation generates estimates which are statis-
tically biased. Renormalisation was rationalised as an
approach to undoing this bias, and we generated several
novel variations on the theme.

Pivotal in the establishing of a framework for com-
paring selected iterative minimisation schemes was the
devising of what we called the fundamental numeri-
cal scheme. It emerges that this scheme is not only
considerably simpler to derive and implement than its
renormalisation-based counterparts, but it also exhibits
marginally superior performance.
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Note

1. Asu(x) = [1, u′(x)T ]T , we have∂xu(x)x = [0, ∂xu′(x)T ]T and
further

B(x,Λ) =
[

0 0T

0 B(x,Λ)′

]
ThusB(x,Λ) is not positive definite, but merely non-negative
definite.
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