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Key points

Hartley’s normalised eight-point algorithm can be justified
statistically

validation procedure

— I1dentify a cost function
— link the cost function with a statistical model
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Set-up

m = [m1, mo, 1|1 — image point
(m,m') — pair of corresponding points

F = [f;;] — 3 x 3 fundamental matrix ; captures

— relative orientation of the cameras
— internal geometry of the cameras

epipolar constraint

singularity constraint

m'TFm =0

det FF =0



Algebraic Least Squares

x = [mq, mg, m}, mh]T — compact descriptor of (m,m’)
xi,...,x, — data points
algebraic least squares cost function

Z?:l(m;TFmi)z
1 F||7

Jars(Fixy, ..., xp) =

IF|lr = (3, f3)'/? — the Frobenius norm

algebraic least squares estimate

Fars = afg%ﬂ;% Jars(Fsxy,. .., xy)



ALS Reformulated

e Mmatrix algebra

0 =vec(F')  wu(x) = vec(mm'7)
m'TFm = 0" u(x) A= Z u(x;)u(z;)”’
i=1
6" Af 2 2\1/2
JaLs(0; @1, ..., @n) = 10]] = (67 + - - - + 6y)

el

o 5ALS IS an eigenvector of A associated with the smallest
eigenvalue



e centroids

e Scales

Data Normalisation



Data Normalisation (Cnt'd)

e normalised data

e equivalent form

’I’hz‘ = Tmz-,

T =




Hartley’'s Approach

e conformal transformation
~ T _ ~ -
F=T1T "FT! m'TFm =T Frm

e Hartley estimate

- - - ~ o~ T
T; = M1, M2, My 5, My ]
FALS — arg min JALS(F§ :f)l, . ,in)
F£0
~ T
Fyupr =T FapsT

e as an eigenvector, Fargis less “wobbly” than  F'ayg



Normalised Algebraic Least Squares

e normalised algebraic least squares cost function

INALS(F5 &1, ..., &Ty) =

e key property
Inars(Fixy, ..o, xp) = Jars(F &1, ..., &y)

e fundamental consequence

Fyrt = F'naLs



Alternative Form of JnaLs

e auxiliary 9 x 9 matrix

C(s,t,m,n) = (t*T* + nn') @ (s°I* + mm?!)
I'" = diag(1,1,0)
®  denotes Kronecker product

e rewriting JnarLs

- 0"A0
0l Co

JNALS(H;wlaﬂwwn) C = C(S,S/,m,m/)

o ﬁNALS IS a solution of the generalised eigenvalue problem
A0 = \C0 corresponding to the smallest eigenvalue
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Towards a Statistical Model

r; = mil Fm; — ith residual with F normalised
different residuals carry different statistical weight
replace Y7, r2 by Y7, r2/var[r

goal: a statistical model for data distribution under which

n

2
E ~— = JNALS
var [r]

1=
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Statistical Model

m; = m + Am; m, =m + Am;

m, m’ — fixed, non-random locations
e Am;, Am; — random perturbations
m and m’ — ‘true’ locations bound by F

m' T Fm = 0" vec(mm' ) =0

Am;, Am’; are independent
E[Am;,] =E[Am!] =0

e there exist o > 0 and ¢’ > 0 such that

E [Am;(Am;)"] = o*T" E [Amj(Am))"] = o"T"
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Statistical Model: Consequences

e the stochastic residuals

have common variance
_nT /| = =/
v=60"C(o,0',m,m)0

e the random template for a cost function reduces to

n 2 n o 2
}: ri _Zz’:lri

“— var ;] o
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From Random to Deterministic

replace r; by r;
treat m, m’, s, s’ as estimates of m, m’, o, o’

replace C(o,0’,m,m') by C = C(s,s’,m,m')
the upshot

Z?:l rz2 N Z?—l Tz'2

=1 ¢ __ J
v HTCH NALS
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Conclusion

e Hartley’s famous normalised eight-point algorithm

— can be viewed as a means of finding a minimiser of a specific
cost function

— has a novel statistical interpretation

— can be placed more clearly within the spectrum of methods

avallable
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