ON THE FAVARD CLASSES OF SEMIGROUPS ASSOCIATED WITH
PSEUDO-RESOLVENTS

WOJCIECH CHOJNACKI AND JAN KISWSKI

ABSTRACT. A pseudo-resolvent on a Banach space, indexed by positive numbers and
tempered at infinity, gives rise to a bounded strongly continuous one-parameter semigroup
S on a closed subspace of the ambient Banach space. We prove that the range space of the
pseudo-resolvent contains the domain of the generatsr and is contained in the Favard

class ofS, which consists of all uniformly Lipschitz vectors 6t We explore when some

or all of these three spaces coincide.

1. INTRODUCTION

Let A be a Banach algebra over the fidldof complex numbers. A familyry} e
of elements ofA, indexed by a subséf C C, is called apseudo-resolverih A if the
following Hilbert equationis satisfied:

Q) x =T = (= A)rar, N\ pel).

Denote byR the set of all real numbers, [®, the set of all nonnegative numbers, and by
R? the set of all positive numbers. Given a pseudo—resohveﬂt{v'A}AGR; in A, let

¢, =sup{\"|r}|| [n € N, A € RS }.

A pseudo-resolvent indexed byR$ and such that,. is finite will be said to beempered
at infinity. Note, immediately, that if is tempered at infinity, thelim, ... r, = 0, and
S0, in view of (1),

2) ra= lim pr,ry
p—00

for each) € RY.
Hereafter we assume that all vector spaces and algebras considered are complex.
Let E be a Banach space, and I&tF) be the Banach algebra of all continuous linear
operators inE equipped with the usual norm derived from thatfof Let A be a closed
linear operator oy with domainD 4 and rangeR 4. Theresolvent sep4 of A is the set
of A € C for which A — A is one-to-one with range equal 0. For each\ € p 4, setting

Ry(A) = (A—A)""

defines thaesolvent operatoof A corresponding td,; it is bounded by the closed graph
theorem. The resolvent sgf is open, and the family2(A) = {R\(A)}xep., IS a special
instance of pseudo-resolvent, called tesolventof A.

Let R = {Ry}acy With U C C be a pseudo-resolvent € E). It immediately follows
from the Hilbert equation (1) that all thB, have a common null space and a common
range. These spaces are called the null space and range sgacaraf are denoted/

1991Mathematics Subject ClassificatioRrimary 47D03; Secondary 47A10, 46J25.
Key words and phrasedravard class, one-parameter semigroup, pseudo-resolvent, uniformly Lipschitz
vector.

1



2 WOJCIECH CHOJNACKI AND JAN KISYISKI

and R, respectively. IfA; is zero, thenR is a resolvent of a closed operator whose
domain coincides witlR .

Let S = {S;}icr, be a bounded strongly continuous one-parameter semigroup of op-
erators inC(E). The boundedness 6f means, of course, that

mg = sup ||S]] < +o0,
teR L

and strong continuity is synonymous with the continuity in the strong operator topology
on L(E). Let A be the (infinitesimal) generator ¢f. The operatorA is closed, has
dense domain, and its resolvent set cont&ifis The resolvent?(A) = {Rx(A)}rcre

is tempered at infinity andp4) = ms. For eachA € RY, R)(A) can explicitly be
expressed in terms ¢f as follows:

3 Ry(A)x = / e MSx dt (r e B).
Ry

TheFavard classof S, Fav(S), is the subspace df defined by
Fav(S) = {z € F | limsupt || Sz — | < +oo}
t—+0

(see [3, p. 84]). In this definition, the upper limit can safely be replaced by the lower limit
(cf. [3, proof of Theorem 2.1.2(a)]). As a consequencesdieing bounded, it is easily
seen thaFav(.S) coincides with the space of alhiformly Lipschitz vectorfor S; that is

Fav(S) = {x € E | sup t!||S;x — z|| < +oo}
teRY

(see [5, Def. 3.17]). A basic, simple result is that
4) Da C Fav(S)
(cf. [3, Thm. 2.1.2], [5, p. 67]).

Suppose now thak = {RA}AGR;, a pseudo-resolvent ii( E), is tempered at infinity.
It is an immediate consequence of (1) that, for everg RS, Ry is invariant for Ry.
Clearly, the closur&®  of R is also invariant for all théz,. For each\ € R, define

T(R))\ = R)\ rR7R7

where the symbao$ | D denotes the restriction of the operaforo D. Obviously,r(R) =
{r(R)\}rers is a pseudo-resolvent ifi(R ). Observe that, on account of (2),

z = lim pR,x
H— 00

for eachz € Rr. As {ul|R,|}.crs is bounded, this equality extends overalE Rr-
Hence we immediately find that/,. z) is zero and thaR,.r) is dense iMR . Conse-
quently,»(R) is a resolvent of a closed densely defined operdtan Rz. Of course,
Da = R,(r)- Taking into account that, z) < cr and applying the Hille-Yosida Theo-
rem (cf. [3, Thm. 1.3.6], [8, Thm. 2.21], [12, p. 358]), we see tHds the generator of a
bounded strongly continuous semigrotip= {S;};cr, ON Rr, satisfyingmg = Cr(R)-
This semigroup will be termed theemigroup associated witR. Semigroups associated
with pseudo-resolvents tempered at infinity arise naturally in Markov processes theory
(cf. [9, Chap. XII,§5, p. 290-302], [15]).

For a semigrouf associated with a pseudo-resolvétinclusion (4) can be restated
as

Rr(R) C FaV(S).
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It emerges that, in view of the special natureSothe above relation can be refined. In this
note, we prove the following:

Theorem 1. Let E be a Banach space, Iét = {R)} crs be a pseudo-resolvent & E),
tempered at infinity, and le&f be the semigroup associated with Then

5) R’I‘(R) CRrC FaV(S)

Observe that, of the two inclusions above, the one on the left-hand side is trivial, so only
the inclusion on the right-hand side needs to be verified.

In addition, we tackle the problem of determining when some or both of the inclusions in
(5) can be replaced by equalities. We prove that for dual pseudo-resolvents (on dual Banach
spaces) the right-hand side inclusion reduces to equality. As a complementary result, a
class of dual pseudo-resolvents is revealed for which the left-hand side inclusion is strict.
It is also shown that, for pseudo-resolvents on reflexive Banach spaces, both inclusions
become equalities. Finally, two examples are given to demonstrate that, in general, both
inclusions in (5) can be simultaneously strict.

Interestingly, A. Bobrowski has recently given a necessary and sufficient condition for
the left-hand side inclusion in (5) to become equality (cf. [2, Prop. 2.2]).

2. PROOF OF THE MAIN RESULT

This section is devoted to the proof of Theorem 1. We start by presenting a preliminary
material.

Denote by\g, the Lebesgue measure 8n . As is customary, abbreviat&\r, (t) to
dt. Let L'(R,) be the space of equivalence classes (under equalityalmost every-
where) of complex-valued Lebesgue integrable functipos R .. With the addition and
scalar multiplication derived from the pointwise addition and scalar multiplication of the
functions, and with the norm given by

1] = / ()] dt

(where the same symbgl is used to denote both a function and its equivalence class),
L'(R.) is a complex Banach space. With convolution

(f*9)(t) = /0/ ft—s)g(s)ds  (Ap,.-a.e.t eRy)

as the product, it becomes a complex Banach algebra. For)eacR, denote by, the
function

at)=eM  (teRy).

It is directly verified that the family = {e_}\cre is a pseudo-resolvent it (Ry)
satisfyingc. = 1. This special pseudo-resolvent enters critically the following result (cf.
[13]; see also [1, 4]):

Theorem 2. Let A be a Banach algebra and Ie{rm}AeR; be a pseudo-resolvent iA.
Thenr is tempered at infinity if and only if there exists a continuous Banach algebra ho-
momorphisnt! : L'(R;) — A suchthatd (e_,) = ry for eachX € R%.. Furthermore, if

a continuous homomorphisf: L'(R;) — A satisfyingH (e_) = r, for each\ € R%.
exists, then it is unique antH || = ¢,
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The above theorem is indicative of the role played by operator-valued homomorphisms
of L1(R,) in studying pseudo-resolvents tempered at infinity. This role is greatly re-
inforced by thealgebraic versionof the Hille—Yosida Theorem, which we present next
(see [13] for a proof).

For a Banach algebra homomorphidit L'(R,) — L(E), whereE is a Banach
space, denote big iy the subspace af defined as

Ry ={x € E|x=H(f)yforsomef € L'(R,)andy € E}.
Foreacht € R, letT; : L'(R,) — L'(R,) be theforward shiftby ¢ given by

(TEN (@) = Lppoey (@) f(x—1)  (f € L'(Ry), de,-a. 2 € Ry),
where, as usual, the symbb), denotes the characteristic function of the detClearly,
the family T+ = {Tj}teﬂh is a strongly continuous semigroup of linear contractions on
LY (Ry).
Theorem 3. Let E be a Banach space. : L'(R,) — L(E) is a Banach algebra
homomorphism, then there exists a unique strongly continuous semigreups; };cr,
onRy such that, for each € R, eachf € L'(R,), and eachr € E,

(6) SeH(f)x = H(T/ f)a.
The semigrougd is bounded andngs = || H]|.

We now draw out a link between Theorems 2 and 3. Edie a Banach space and let
R = {Rx}crs be a pseudo-resolvent i E), tempered at infinity. By Theorem 2, there
is a unique Banach algebra homomorphiim L} (R, ) — £(E) such thatRy = H(e_»)
for eachA € RY. Itis clear thatRr C Rpy. A consequence of the linear span of
{e_x | A € RS} being dense il (R, ) is the inclusionR ; C Rp. It turns out thatR ;7
is closed, so in fact

@) Ry = Rg.
The closedness @& g is an immediate consequence of two results:
e the simple observation thdt! (R, ) possesses a bounded approximate identity;
one such approximate identity is the fam{lijte_» } xers ;
e a deep theorem found independently by E. Hewitt [11], P. C. Curtis and A- Fig
Talamanca [7], and S. L. Gulick, T. S. Liu and A. C. M. van Rooij [10], which
generalises the so-called factorisation theorem of P. J. Cohen [6]; it states that

Ry is closed for any continuous homomorphigin B — L(E), whereB is a
Banach algebra with a bounded approximate identity, tisla Banach space.

By virtue of Theorem 3, there is a unique semigraupn R g for which (6) holds. We
claim thatS coincides with the semigroup associated withindeed, by (7),5 can viewed
as a semigroup oR z. Observe that

(8) /R e MTFfdt=e_xxf  (feL'(Ry)).

Now, if z € Ry, then there exisf € L'(R, ) andy € E such thatr = H(f)y. In view
of (8) and the boundedness $f we have, for each € R¢,

R N T <IN PR -t + _ —AtT+
©) /RJre Stzdt—/ﬂhe H(th)ydt—H</R+e thdt>y
=H(e_x* fly= H(e_x\)H(f)y = Rxx.
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Let A be the generator &f. Comparison of (3) and (9) shows thaf = R, (A) for each
A € RY. Since every operator with non-void resolvent set is uniquely determined by any of
its resolvent operators, it is now clear thiatoincides with the generator of the semigroup
associated wittR. This establishes the claim.

With these preliminaries in place, we are now in position to prove Theorem 1.

Proof of Theorem 1As already noted, we only need to establish the right-hand side in-
clusion in (5). Letd : L*(R;) — L(E) be a continuous homomorphisk: L} (R;) —
L(E) suchthatt (e_5) = R, for each) € RY; the existence off is guaranteed by The-
orem 2. Fix\ € RY arbitrarily. Givenr € R, selecty € £ so thatr = Ryy. In view of

the remarks above, the associated semigi®saptisfies (6). Thus, for eache R,

(10) Six = SiH(e_y)y = H(T e_y\)y.
One verifies at once that
T;FG,A =€_\+ Ae_ % 1(07,5] — 1(07,5].

It follows that
ITHeox —eall < (Mleoall + 1) (1,91 = 2¢,
whence, by (10),

sup ¢Sz — x| < 2| H| [|yl.
teR®.

Thusz € Fav S, which establishes the desired inclusion. O

3. THE CASE OF DUAL PSEUDGRESOLVENTS

Let E be a Banach space and et be its dual space. For an operafoe L(E), letT’
denote its dual operator ii( E’). The same notation applies wh&ris a densely defined
operator onE. Recall that ifT" is a densely defined operator @h then7” is closed but
not necessarily densely defined Bfi—the spacér is merely weakly dense inE’.

Let R = {Rx}icre be a pseudo-resolvent ifi(E£). The family ' = {R}}ers
is a pseudo-resolvent id(E’) called thedual pseudo-resolvertdf R. Sincecr: = cg,
we see that ifR is tempered at infinity, then so too B'. Assume henceforth thak
is tempered at infinity. Denote by the semigroup associated wiff, and byS™ the
semigroup associated wifR'. Let A andA* denote the corresponding generators. In this
section, we elaborate on the inclusions in (5) for the Favard claSs of

Theorem 4. Under the assumptions as above, we hRyg = Fav(ST).
In order to prove the theorem, we need an auxiliary result.

Proposition 1. Let F' be a Banach space, and [t = {T;};cr, be a bounded strongly
continuous semigroup of with generatorB. If x € Fav(T'), then there exists a sequence
{zn }nen in Dp such thalim,, ., =, = z and{Bz,, } ,en IS bounded.

This proposition is well known (cf. [5, p. 69]), but we give a short proof for the conve-
nience of the reader.

Proof of Proposition 1.Let {\,},.cn be a sequence of positive numbers such that
lim,, o A, = +00. Givenz € Fav(T), setz,, = A, Ry, (B)x for eachn € N. Clearly,
{z, }nen is sequence i such thate = lim,,_,, z,,. We shall show thaf Bz, } .en is
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bounded. Let be a positive constant such that'|| 7,z — z|| < C forall h € R%.. In
view of (3), for eachn € N and eacth € R?,

h_l(Thxn — ) = / h_l)\ne_/\"tTt(Thx —x)dt,
R

whence||h =Y (T2, — 2,,)|| < Cmr, and finally|| Bz, || < Cmr. O
We can now pass to proving Theorem 4.

Proof of Theorem 41n view of Theorem 1, all that we need is to show that(S*) C
Rr. Letz’ € Fav(ST). By Proposition 1, there exists a sequefigg } ,cn in D4+ such
thatsup,, oy A1), || < +oo andlim,, . ||z}, —2'|| = 0. Fix A\ € RS arbitrarily. Clearly,
for eachn € N,

nl
n

zl = R\(\— A1)z,
By the relative weak compactness of bounded setsiH, there exists a (generalised)
subsequencA®z, }icr andy’ € E’ such that

wh-limer Atal, =y

SinceR), is weakly* continuous, it follows that

(11) =R\’ — ).

Hencer’ € Ry, establishing the desired inclusion. ]
A simple modification of the above proof leads to the following result:

Theorem 5. If E is reflexive, therR,.(z) = Rr = Fav(S).

Proof. Assume that is reflexive. We shall prove that
(12) RT(R/) = RR/ = Fav(5+).

This will be a sufficient step: the theorem follows immediately upon applying (12) to the
Favard class of the semigrody ™ associated with the bidual pseudo-resolvgfit mod-
ulo the observation thak’ is reflexive (so that the suggested application of (12) makes
sense) and the remark th&t' and S+ are naturally identifiable with? and.S, respec-
tively.

By virtue of Theorem 1, the proof of (12) reduces to showing #aat(S*) C R, (r).
Let 2’ € Fav(S™). Retaining the notation from the proof of the foregoing theorem, note
thaty’ appearing in (11) belongs to the wéatlosure of{ A*x/, },,en, Which, in view of
the reflexivity of £, coincides with the weak closure ¢fA* 2/ },,en. Remembering that
D4+ = Ryrry C Rr and noting that, being norm closeRl . is also weakly closed, we
see that/ € Rg . Inview of Theorem 4, we have € Ry.. Thusiz’ — 3/ falls intoR .
Now (11) implies that’ € R,.(g/), which establishes the desired inclusion. O

We now examine more closely the case in which = E. The associated semigroup
S acts then on the whole df, its generatot is densely defined of’, andRy = Ry (A)
for eachA € R%. Thedual semigroupS” = {S;};cr, on E’ may fail to be strongly
continuous; it is, however, weaklyontinuous in the sense that, for eacke E’, the map
R, >t~ Siz’ € F’ is continuous under the weakopology onE’. The operatod’ is
the weak generator of5’ (see [3, Prop. 1.4.4], [8, Thm. 1.34], [12, p. 335-336]). The sets
pa andp 4, coincide andR (A’) = R, (A)’ for each) € p4. In particular,R} = Ry (A4")
for each) € RY, which can emphatically be written as

(13) R = R(A)).
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The set
E° ={s'cE'| li 'y — 2| =
{e' € E'| lim [|Sta’ — 2’| = 0}

is a norm closed subspace Bf. According to a theorem of Phillips [14] (see also [3,
Props. 1.4.69(b) and 1.4.7(a)], [5, Thm. 3.14], [12, p. 344-348)), is a norm dense
subspace of£®. Hence in particula&Z® is weakly* dense inE’. Coupled with (13) and
Dar = Rp(ar, the norm denseness Dfy, implies also that

(14) E® =TRp.
It is easily seen that the spa&¥’ is invariant for all theS; and that setting
SP =S/ 1E° (teRy)

defines a strongly continuous semigraiip = {S;”};cr, ONE®. Let A® be the generator
of S©. Another part of the theorem of Phillips mentioned above asserts that

Dyo = {x’ €Dy | Ax e EG}
and
A® = A" | Dyo.

(cf. [3, Prop. 1.4.7(b)]). Sincergo < mg = mg, we haveRS C p40, which together
with the above characterisation 4f immediately implies that, for eache RS,

(15) RA(A®) = R\(A) | E©.
Now, taking into account (13) and (14), we see that
(16) r(R') = R(A®).

It is also clear thatl® coincides withA™, and thatS® coincides withS™.
We are now prepared to state our next result.

Theorem 6. If Rg = E, thenRp = R, if and only if Rz, = E’.

Proof. Assume thaiRr = E. We first prove the necessity part. Suppose Rat =
Ry(r)- Fix X\ € RS arbitrarily. If 2 € E’, then, in view of (13) R (A’)z’ falls into R g,
and hence also int®,. (). On account of (15) and (16),

(17) Rerry = {BA(A)Y | ¥ € Rr'}.

Therefore there existg € Rr: such thatk(A’)a’ = Ry(A")y’. But Ry(A’) is one-to-
one, sar’ = ¢, which proves thalt?’ C Rg.. Since the reverse inclusion is obvious, we
obtainRp = E'.

The proof of the sufficiency part is simple: Rz = E’, then the equalityR gy =
R r is a consequence of (13) and (17). O

Bearing in mind (14), from Theorem 6 we immediately deduce the following result:

Corollary 1. Let E be a Banach space, l&f be a bounded strongly continuous one-
parameter semigroup off with the property that?® ¢ E’, and letR be the resolvent of
the generator of, indexed byR¢ . ThenR,.(r/) & Rr-

We finally note that Banach spaces and semigroups satisfying the hypothesis of this
corollary exist and are the subject of many expositions (see [3, p. 52-55], [8, p. 24-26], [12,
p. 344-347)).
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4. STRICT INCLUSIONS

In this section we present two examples showing that both inclusions in (5) may simul-
taneously be strict.

Example 1. Let C,(R,) be the Banach space of all complex-valued bounded contin-
uous functions oR,, and letCy,(R;) be the Banach space of all complex-valued
bounded uniformly continuous functions &, . It is understood that both these spaces
are endowed with the supremum norm. We regasd(R,.) as being isometrically em-
bedded intoC},(Ry). Let L>°(R,) be the Banach space of (the equivalence classes
of) Lebesgue measurable essentially bounded functiori® grequipped with the norm
2] = ess sup, e, (t)]-

Foreacht e Ry, letT; : Cv(R;) — Cp(R,) be thebackward shifby ¢ given by

(T @) = flz+t)  (f e Cp(Ry), v € Ry).

The family T~ = {T; }:er, is a semigroup of linear contractions &h,(R, ). This
semigroup is not strongly continuous. Nonetheless, it can be used to define a pseudo-
resolvent inL(Cy,(R.)), tempered at infinity. Guided by (3), we let, for eakhe RS,

eachf € C,(R,), and eachr € R,

(Baf)(x) = / TN T ) ) de = / TN f byt

Clearly, the functionRy : « — (R, f)(x) is bounded and uniformly continuous; the map-
ping Ry: f — R, f is a bounded linear operator @#,(R, ) of norm equal tox—!; and
the family R = {R\}crs is a pseudo-resolvent i(Ch, (R )) with cr = 1.

We claim that
(18) Rr=1{f € Cou(Ry) | f" € Cu(R4)}.

Fix A € R% arbitrarily and letf € C,(Ry). We have already noticed thdl, f <
Cvu(R4). Itis also clear thaR), f is differentiable, and thatR, f) = ARy f — f. Thus
(RAf) belongs taC}, (R, ), and so

Rr C{f € Cou(Ry) | f € Ch(Ry)}.

To show the reverse inclusion, I¢tbe a differentiable function i€y, (R ) such that
'€ Cy(Ry). ltis directly verified thatRy(A\f — f') = f. Hencef € Rg, establishing
the inclusion in question and thereby also proving (18).

It immediately follows from (18) thaRz = Chu(R4). LetS = {S;}icr, be the
semigroup associated wifR. It is clear that, for eache R,

St == T; r Cbu(R+)-

The generator of is easily identified with the differentiation operatér— f’ having
{f € CouRy) | f € Cvu(R4)} @as a domain. Thus

Rer) = {f € Cou(Ry) | f € Cru(Ry)}.
Finally, an application of Lebesgue’s Differentiation Theorem reveals that
Fav(S) = {f € CvLu(R4) | f is differentiableAg, -a. e. andf’ € L>(R,)}.

It is now clear that
Rr(R) G Rr & Fav(9).
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Example 2. Let B(R ) be thes-algebra of all Borel subsets &, . Let M (R, ) be the
collection of all complex bounded regular Borel measureR anWith addition and scalar
multiplication defined pointwise o (R ), and with the norm|u|| = |p|(R+), where|y|
denotes the total variation of the measpre M (R, ), M (R, ) is a Banach space. With
the multiplication defined by the convolution of measures

(1+v)(4) = / WASHd(t)  (AeB(R,)),

where
Aot={reRy |z =y—tforsomey € A},
M (R, ) becomes a Banach algebra. The Dirac measure concentrétéd,as the identity

of this algebra.
For eachf € L'(R.), letv; be a measure in/ (R, ) defined as

v(A) = [ ra (AeBR.),

The mappingf — vy is a Banach algebra isomorphismof(IR ;) onto the algebra of all
measures id/ (R ) that are absolutely continuous with respect to Lebesgue measure. We
identify L' (R ) with its image viaf — v;. Under this identification/! (R.) becomes

an ideal ofM (Ry). If f € L*(Ry) andu € M(R,), thenf = u is a member of ! (R,)
determined by * 1 = vy, and given by

19) (fep)@) = | fo=tdu(t) = / (TS N(@)du(t)  (w,-a e e Ry).
Consider a homomorphisii : L'(R,) — £(M(R,)) defined by
H(f)jp=fxp  (feL'(Ry), p€ M(Ry)).

It is clear that|| H|| = 1. SinceL!(R, ) is an ideal ofM (R, ), we haveRy C L*(R,).
As H(f)so = fforany f € L*(R,), we see that

(20) Ry = L' (Ry).

For each\ € R%, setRy = H(e_,). Clearly,R = {R/\}AeRjr is a pseudo-resolvent in
L(M(Ry)) with cg = 1. We shall show that

Rr(R) G Rr & Fav(9).

In view of (7) and (20), we hav® p = L' (R ). Using (19) (or alternatively utilising
(8)), we verify at once that, for eache R$ and eachy € L'(R,),

(21) r(R),f= [ e MTffadt
R

Thus the semigroup associated wRhcoincides with the semigroup of forward shifts on
LY (Ry).
Givenp € M (R, ) ands € Ry, denote byC,, the Laplace transform qf defined as

Eu(s):/]R et du(t).

If f € L'(R,), we writeL; instead of, , . As is well known,£,, uniquely determineg,
and we also havg,,., = £,L, foranyp,v € M(Ry).



10 WOJCIECH CHOJNACKI AND JAN KISYISKI

We proceed to show that the inclusi®}.z) C Rr is strict. We assert that, for each
AeRS,

(22) €-x € Rr\ Ry(r)-

Fix A € RY arbitrarily. Sinceey = Ry (do), we see thaty € Rr. Suppose, contrary to
our assertion, thaty, € R,.(g). Thene_, can be represented as, = ¢_» * f for some
f € LY(Ry). Accordingly, L. , = L. ,Ly. Since, for each € R,

1
L, (s)= m #0,

it follows thatLy = 1 = L5, and hence/; = §y. This contradiction establishes (22).
Let C(R.) be the space of all complex-valued (not necessarily bounded) continuous
functions onR,.. We claim that

(23) Rr C C(R,).

In fact, if we fix A € R, arbitrarily, then every element 2z can be represented as
e_» = p for an appropriate. € M (R,.). Clearly,

(e_n*p)(z) =e / eM du(t) (Ar,-a.e.x € Ry).
(0,2)

By Lebesgue’s Dominated Convergence Theorem, the function

x eM du(t)
[0,z)
is continuous. We thus see that, * . can be identified with a continuous function on
R, . The claim is established.

We now show that the inclusioR g C Fav(T™) is strict. Choose arbitrarily,b € R
so thata < b. Setf = 1(,4. Clearly, f belongs toL'(R,). We contend thaf €
Fav(T*)\ Rg. As usual, letA A B denote the symmetric difference of the sétand B;
that is

AAB=(A\B)U(B\ A).
Since, for anyt € R,
||Tt+f - f” = /\R+ ((a + t>b+ t) A (a7b)> < 2min(tab - a)7

we see thatf € Fav(T*). Now note that the equivalence class oin L'(R,) has
no representative that is continuous everywheréRon Indeed, ifg were the (unique)
continuous modification of, theng would equall on (a,b) and0 off (a,b), which is

incompatible with the continuity of on all of R,.. Invoking (23), we see that ¢ Rp.

The contention is established.

REFERENCES

1. A. Bobrowski,On the Yosida approximation and the Widder—Arendt representation the&tetia Math.
124(1997), 281-290.

2., The Widder—Arendt theorem on inverting of the Laplace transform and its relationships with the
theory of semigroupsMethods Funct. Anal. Topology(1997), no. 4, 1-39.

3. P. L. Butzer and H. BerenSemi-Groups of Operators and Approximati&@pringer-Verlag, Berlin — New
York, 1967.

4. W. ChojnackiOn the equivalence of a theorem of Kiski and the Hille—Yosida generation theorePnoc.
Amer. Math. Soc126(1998), 491-497.

5. Ph.Cémentand H. J. A. M. Heijman8&ne-Parameter Semigrougs¥orth Holland, Amsterdam — New York,
1987.

6. P. J. Coherfactorization in group algebradDuke Math. J26 (1959), 199-205.



11.
12.

13.

14.
15.

UL.

THE FAVARD CLASSES 11

. P. C. Curtis, Jr. and A. FegTalamancaFactorization theorems for Banach algebyd&unction Algebras

(Frank T. Birtel, ed.), Scott, Foresman and Co., Chicago, Ill., 1966, pp. 169-185.

. E. B. DaviesPne-Parameter Semigroup&cademic Press, London — New York, 1980.
. C. Dellacherie and P. A. Meyd?robabilities and potential ONorth-Holland, Amsterdam — New York, 1988.
10.

S. L. Gulick, T. S. Liu, and A. C. M. van Rooifzroup algebra modules. lICanad. J. Math19 (1967),
151-173.

E. Hewitt, The ranges of certain convolution operatokdath. Scand15 (1964), 147-155.

J. Kisynski, Semi-groups of operators and some of their applications to partial differential equaGomsrol
Theory and Topics in Functional Analysis (Vienna), vol. 3, International Atomic Energy Agency, Vienna,
1976, pp. 305—-405.

J. Kisyhski, The Widder spaces, representations of the convolution algéb(® "), and one parameter
semigroups of operator®reprint no. 588, Institute of Mathematics, Polish Academy of Sciences, Warsaw,
June 1998.

R. S. PhillipsThe adjoint semi-grougPacific J. Math5 (1955), 269-283.

D. Ray,Resolvents, transition functions, and strongly Markovian procegses. of Math. (2)70 (1959),
43-72.

(W. Chojnacki) NSTITUTE OF APPLIED MATHEMATICS AND MECHANICS, UNIVERSITY OF WARSAW,

BANACHA 2, 02-097 VARSZAWA, POLAND; DEPARTMENT OF COMPUTER SCIENCE, UNIVERSITY OF

ADELAIDE, ADELAIDE, SA 5005, AJSTRALIA

E-mail addresswojtekch@appli.mimuw.edu.pl, wojtek@cs.adelaide.edu.au

(J. Kisynski) DEPARTMENT OFELECTRICAL ENGINEERING, TECHNICAL UNIVERSITY OF LUBLIN, GPO

Box 189,uL. NADBYSTRZYCKA 38A, 20-618 LUBLIN, POLAND

E-mail addresskisynski@antenor.pol.lublin.pl



