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Abstract. We prove that every eigenvalue of a Schrbdinger operator with an almost periodic potential 
acting in the space of all square Haar-integrable functions on the Bohr compactification of ~ has 
multiplicity not greater than 2. 
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I. Introduct ion 

It is well known that a formal Schr6dinger operator with an almost periodic 
potential gives rise to two self-adjoint operators, one of which acts in the usual 
Hilbert space LZ(~ ") and the other acts in the nonseparable Hilbert space LZ(bR n) 

of all square Haar-integrable functions on the Bohr compactification b R n of  ~n. 
These two operators are closely interrelated. Each of  them can be represented as a 
restriction of an ultrapower of  the other, which implies that the spectra of  both 
operators coincide (cf. [3, 5]). Moreover, the so-called spectral duality theorem, 
whose presumably incomplete version appears in [1] and whose rigorous version 
appears in [4], implies the following. If the spectral measure of a smooth almost 
periodic Schr6dinger operator in L2(b~  ~) over a Borel subset of  R has pure point 
spectrum with finite multiplicity, then almost all (with respect to the Haar  measure 
on b R n) the spectral measures of  Schr6dinger operators in L2(~ n) whose potentials 
are the translates by elements of  b ~n of  the initial almost periodic potential have, 
over the same set, purely continuous spectrum. 

In this Letter, we show that every eigenvalue of an almost periodic (not 
necessarily smooth) Schr6dinger operator in L2(bR) has multiplicity not greater 
than 2. As a result, the above-mentioned consequence of the spectral duality 
theorem in the case where n = 1 may be strengthened by the omission of  the 
assumption about finite multiplicity. 
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2. The Result 

Let g be the canonical homomorphism from ~ into b~.  For  each # ~ R, let Z~ 
denote the continuous character of  b~  such that X~(ct(x)) = e 'ux for all x ~ R. Let 
2ha be the probabilistic Haar  measure on b~,  and LP(b~) (1 ~<p < +oo)  be the 
Lebesgue spaces based on ~'bR" Given F e L l (b~)  and # E R, let F(#) denote the # th  
Fourier coefficient of F, i.e., 

F(#) = ~ FZ_u d2bu. 
Jb R 

As is well known, the Fourier transformation F ~ ( f f ( # ) ) ~ R  sets up a unitary 
isomorphism between LZ(b~) and 12(~). 

Given a function f on b ~ and t 6 ~, let Tt f  denote the translate o f f  by 0t(t), i.e., 

T,f(oJ) =f(o9 + a(t)) (tn~ b R). 

In each space LP(bR) (1 ~<p < + m ) ,  the operators {T, : t  e R} form a strongly 
continuous one-parameter g g~roup with infinitesimal generator Dp. If  F is in the 

domain ~(Dp) of Dp, then DpF(#) = i#P(#) for each/~ e R. Hence, if DpF = 0, then 
F is 2bu-essentially constant. @(D2) coincides with the subspace of  those F's in 
LZ(b R) for which E~ E ~ #21if(#)12 < + o0. For  p ~ 2, there is no similar characteriza- 
tion of @(Dp). If  F ~ ~(Dp) and G ~ ~ ( D q )  with p - 1 + q - l = 1, then FG ~ ~(D~) 
and 

D, (FG) = (DpF)G + FDqG. 

Let q be a real uniformly almost periodic function on R. With q there is 
associated the Schr6dinger operator 

d 2 
l = - dx---5 + q 

defined on the Sobolev space H2(~). Let Q be the unique continuous function on 
b R such that Q(~(x)) = q(x) for all x ~ R. Q gives rise to the analogue of l in 
L2(bR), namely the self-adjoint operator &o = _ D 2  2 + Q defined on 

~ ( D 2 ) = {  F~L2(b~):~u~n/24[P([L)I2 < -~ ~176 

We have the following 

THEOREM.  Every eigenvalue of  5~ has multiplicity not greater than 2. 
Proof. Let X and Y be eigenvectors of Zt' with eigenvalue 2. Then 

D,((D2X)Y - XD2 Y) = (D~X)Y - X(D~ Y) 

= (Q - 2)XY - X(Q - 2) Y = 0. 

Hence (D2X) Y - X D  2 Y is 2bR-essentially constant. 
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Suppose that X and Y are linearly independent. We claim that ( D 2 X ) Y -  XD2  Y 

is 2h~-essentially nonzero. 

For each t e N, set 

f ( t )  = ( T , X ) Y  - X T ,  Y. 

Since the functions 

N ~ t ~ T ~ X e L 2 ( b N )  and N ~ t ~ T ~ Y e L 2 ( b N )  

are twice norm-differentiable and 

d2T, X 
dt  ~ - - T , D ~ X  = ( T , Q  - 2)T~X 

and 

d 2 T r y  
dt 2 - ( T , Q  - 2)T, Y, 

it follows that the function ff~ ~ t ~ f ( t )  ~ L ~ ( b ~ )  is twice norm-differentiable and 

d-'f(t) 
dt  2 - ( T t Q  - 2 ) f ( t ) .  

Of course, f (0 )  = 0. Should 

d f  (o) = ( D 2 X ) Y  - XD2 Y = 0, 

then, by the standard uniqueness theorem for ordinary equations in Banach spaces 

(cf. [2, Remark 10.5.4]), we have that f ( t )  = 0 for all t e ~. Hence, for each/~ ~ 

and each T > 0, 

X (Tt Y ) Z - ,  e *~' d t  = Y 
T T 

(TtX)7.  ~ e *~' dr. 

The flow o) -* e) + a(t) (t E ff~) on b ~  is ergodic, so the mean ergodic theorem 

ensures that 

2 

lim ( T ; X ) z  , e ,u, d t _  X ( # )  = 0  
T ~ z c ,  T 

and 

lim (7", Y)Z_r e -  '~' d t  - Y(I J) = O. 
T ~ ,zc~ T 

Thus Y)?(#)= XI?(/~). Choosing/~ e ~ so that + 17( )12 > 0, we see that X 
and Y are linearly dependent. This contradiction establishes the claim. 



10 WOJCIECH CHOJNACKI 

Now it is easily verified that if Z is an eigenvector of ~ with eigenvalue 2, then 
Z = ~tX + flY, where ~t and fl are the 2bR-essential values of 

[(D2Z) r - ZD2 Y][(D2X) Y - SO2 Y] - ~ 

and 

[(D2X) z _ XD2Z][ (D2X ) y _  X D  2 y ] -  l, 

respectively. 
The proof  is complete. 
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