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Abstract

Previous work of the authors developed a theoreti-
cally well-founded scheme (FNS) for finding the min-
imiser of a class of cost functions. Various problems in
video analysis, stereo vision, ellipse-fitting, etc, may
be expressed in terms of finding such a minimiser.
However, in common with many other approaches, it
is necessary to correct the minimiser as a post-process
if an ancillary constraint is also to be satisfied. In this
paper we develop the first integrated scheme (CFNS)
for simultaneously minimising the cost function and
satisfying the constraint. Preliminary experiments in
the domain of fundamental-matrix estimation show
that CFNS generates rank-2 estimates with smaller
cost function values than rank-2 corrected FNS esti-
mates. Furthermore, when compared with the Hartley-
Zisserman Gold Standard method, CFNS is seen to
generate results of comparable quality in a fraction of
the time.

1. Introduction

Many problems in computer vision involve estimat-
ing the parameters that constrain a set of image fea-
ture locations. In some cases, the parameters are sub-
ject to ancillary constraintsnot involving feature lo-
cations. Two example problems of this form are the
stereo and motion problems of estimating coefficients
of the epipolar equation[4], and estimating coeffi-
cients of thedifferential epipolar equation[1], each
involving an ancillarycubic constraint. Theprincipal
equationthat applies to a wide class of problems, in-
cluding those specified above, takes the form

θT u(x) = 0. (1)

Here θ = [θ1, . . . , θl]T is a vector representing un-
known parameters;x = [x1, . . . , xk]T is a vector rep-

resenting an element of the data (for example, the lo-
cations of a pair of corresponding points); andu(x) =
[u1(x), . . . , ul(x)]T is a vector with the data trans-
formed in a problem-dependent manner such that: (i)
each componentui(x) is a quadratic form in the com-
pound vector[xT , 1]T , (ii) one component is equal to
1. A common form of the ancillary constraint is

φ(θ) = 0, (2)

whereφ is a scalar-valued functionhomogeneousof
degreeκ, i.e. such that

φ(tθ) = tκφ(θ) (3)

for every non-zero scalart. The estimation prob-
lem can now be stated as follows: Given a collection
{x1, . . . ,xn} of image data, determineθ 6= 0 satis-
fying (2) that best fits the data in some sense. Var-
ious methods for finding such a fit have been devel-
oped. A vast class of techniques rests upon the use
of cost functionsmeasuring the extent to which any
particularθ fails to satisfy (1) withx replaced byxi

(i = 1, . . . , n). With the aid of the principle of max-
imum likelihood, a compelling case may be made for
adoption of the cost function

JAML(θ;x1, . . . ,xn)

=
n∑

i=1

θT u(xi)u(xi)T θ

θT ∂xu(xi)Λxi
∂xu(xi)

T
θ

,

where, for any lengthk vectory, ∂xu(y) denotes the
l × k matrix of the partial derivatives of the function
x 7→ u(x) evaluated aty, and, for eachi = 1, . . . , n,
Λxi

is ak × k symmetriccovariance matrixdescrib-
ing the uncertainty of the data pointxi (see [3, 8]).
If JAML is minimised over those non-zero parameter
vectors for which (2) holds, then the vector at which
the minimum ofJAML is attained, theconstrained



minimiser ofJAML, defines theapproximated maxi-
mum likelihood estimatêθAML. The functionθ 7→
JAML(θ;x1, . . . ,xn) is homogeneous of degree zero,
soθ̂AML is determined only up to scale.

2. Fundamental numerical scheme

Isolating the constrained minimiser ofJAML is a
challenging problem. Much easier to find is theweak
approximated maximum likelihood estimate, θ̂w

AML,
defined as theunconstrainedminimiser of JAML; it
is obtained by ignoring the ancillary constraint and
searching over all of the parameter space. Whileθ̂w

AML

cannot be expressed in closed form, a numerical ap-
proximation to it can be calculated by employing a
suitable numerical scheme [3]. Underpinning numeri-
cal calculation is the fact that̂θw

AML satisfies thevari-
ational equationfor unconstrained minimisation

[∂θJAML(θ;x1, . . . ,xn)]θ=θ̂w
AML

= 0T (4)

with ∂θJAML the row vector of the partial derivatives
of JAML with respect toθ. Direct computation shows
that

[∂θJAML(θ;x1, . . . ,xn)]T = 2Xθθ, (5)

where

Xθ =
n∑

i=1

Ai

θT Biθ
−

n∑
i=1

θT Aiθ

(θT Biθ)2
Bi,

Ai = u(xi)u(xi)T , Bi = ∂xu(xi)Λxi
∂xu(xi)

T
.

Thus (4) can be written as

[Xθθ]θ=θ̂w
AML

= 0. (6)

It is in this version that the variational equation serves
as a basis for determininĝθw

AML. A straightforward
algorithm for numerically solving this equation can
be derived by realising that a vectorθ satisfies (6) if
and only if it falls into the null space of the matrix
Xθ. Thus if θk−1 is a tentative approximate solu-
tion, then an improved solution can be obtained by
picking a vectorθk from that eigenspace ofXθk−1

which most closely approximates the null space of
Xθ; this eigenspace is, of course, the one corre-
sponding to the eigenvalue closest to zero in absolute
value. Thefundamental numerical scheme(FNS) im-
plementing this idea is presented in Figure 1. The
scheme is seeded with thealgebraic least squares
(ALS) estimate, θ̂ALS, defined as the unconstrained
minimiser of the cost functionJALS(θ;x1, . . . ,xn) =

‖θ‖−2
∑n

i=1 θT Aiθ. The estimatêθALS coincides,
up to scale, with an eigenvector of

∑n
i=1 Ai associated

with the smallest eigenvalue, and this can be found
by performing singular-value decomposition (SVD) of
the matrix[u(x1), . . . ,u(xn)].

1. Setθ0 = θ̂ALS.

2. Assumingθk−1 is known, compute the
matrixXθk−1 .

3. Compute a normalised eigenvector of
Xθk−1 corresponding to the eigenvalue
closest to zero (in absolute value) and
take this eigenvector forθk.

4. If θk is sufficiently close toθk−1, then
terminate the procedure; otherwise in-
crementk and return to Step 2.

FIGURE 1. Fundamental numerical scheme.

Different but related schemes for numerically solv-
ing equations like (6) were developed by Leedan and
Meer [9] and Matei and Meer [10]. Yet another
approach is Kanatani’s [8, Chap. 9]renormalisation
scheme, in which an estimate is sought at which
∂θJAML is approximately zero (see [2] for details).

It is important to appreciate that FNS possesses sev-
eral advantages: it aims to minimise a cost function
which is statistically well founded; it provides a gen-
uine means for theoretically calculating the minimiser;
it is simply expressed, efficient, and is unsurpassed
as a general technique when subjected to comparative
testing. Furthermore, FNS can also be used to estab-
lish a unified framework for examining theoretical re-
lationships between various existing methods of min-
imisingJAML (see [2]).

3. Constrained fundamental numerical
scheme

With all its virtues, FNS lacks a proper accommo-
dation of the ancillary constraint. A standard way of
dealing with this problem is to adopt an adjustment
procedure as a separate post-process (see [8, Chap. 5]).
In contrast, as shown next, it is possible to merge FNS
and the ancillary constraint in a fully consistent, inte-
grated fashion. The resulting scheme, the first of its
kind, is a variant of FNS, in whichXθ is replaced by
a more complicated matrix.



The starting point of the development of the new
algorithm is the variational equation for constrained
minimisation

[∂θJAML(θ) + λ∂θφ(θ)]θ=θ̂AML
= 0T ,

φ(θ̂AML) = 0,
(7)

where λ is a scalarLagrange multiplier. Another
crucial ingredient is the identity∂θφ(θ)θ = κφ(θ)
obtained by differentiating (3) with respect tot and
evaluating att = 1. With this identity, the equa-
tion φ(θ) = 0 is equivalent toaT

θ θ = 0, where
aθ = [∂θφ(θ)]T /2. Combining this with (5), the sys-
tem (7) becomes

Xθθ + λaθ = 0, (8)

aT
θ θ = 0, (9)

where all evaluations at̂θAML are dropped for clarity.
Premultiplying both sides of (8) byaT

θ and bearing in
mind thataT

θ aθ = ‖aθ‖2, we find that

aT
θ Xθθ + ‖aθ‖2λ = 0

whenceλ = −‖aθ‖−2aT
θ Xθθ. Consequently, (8)

can be written as

(Xθ − ‖aθ‖−2aθaT
θ Xθ)θ = 0. (10)

Let P θ be thel × l matrix given by

P θ = I l − ‖aθ‖−2aθaT
θ ,

whereI l denotes thel × l identity matrix. Note that
P θ is symmetric and obeysP 2

θ = P θ. With use of
P θ, (10) can be written as

P θXθθ = 0. (11)

In view of (9),

(I l − P θ)θ = ‖aθ‖−2aθaT
θ θ = 0. (12)

HenceP θθ = θ, and so (11) immediately leads to

P θXθP θθ = 0. (13)

Let Y θ be thel × l matrix defined by

Y θ = ‖θ‖2P θXθP θ + I l − P θ.

Clearly,Y θ is symmetric. Since the functionθ 7→ P θ

is homogeneous of degree 0 and the functionθ 7→ Xθ

is homogeneous of degree−2, it follows that the func-
tion θ 7→ Y θ is consistently homogeneous of degree
0. In view of (12) and (13),

Y θθ = 0. (14)

It can be shown that this equation is actually equivalent
to the system comprising (8) and (9).

At this stage, one would hope that a modified FNS
with Y θ playing the role ofXθ would be a good tool
for calculatingθ̂AML. Unfortunately, this algorithm
fails to converge.

As a remedy, we put forward a rather complex mod-
ification. The new algorithm retains the logic of the
tentative one, but nowY θ is replaced by a more com-
plicated matrix ensuring the convergence of the algo-
rithm. The new matrix is derived from a matrix chosen
so that (14) is equivalent to

Zθθ = 0. (15)

To defineZθ, we need a few preliminaries. Denote
by Hθ the Hessian ofJAML at θ. Direct if tedious
calculation shows that

Hθ = 2(Xθ − T θ),

where

T θ =
n∑

i=1

2
(θT Biθ)2

(
AiθθT Bi + BiθθT Ai

− 2
θT Aiθ

θT Biθ
BiθθT Bi

)
.

Let Φθ be the Hessian ofφ at θ. For eachi ∈
{1, . . . , l}, let ei be the lengthl vector whoseith en-
try is unital and all other entries are zero. With these
preparations, set

Zθ = Aθ + Bθ + Cθ,

where

Aθ = P θHθ(2θθT − ‖θ‖2I l),

Bθ = ‖θ‖2‖aθ‖−2

×
[ l∑

i=1

(Φθeia
T
θ + aθeT

i Φθ)XθθeT
i

−2‖aθ‖−2aθaT
θ XθθaT

θ Φθ

]
,

Cθ = ‖aθ‖−2κ
[φ(θ)

4
Φθ + aθaT

θ

−φ(θ)
2

‖aθ‖−2aθaT
θ Φθ

]
.

Note thatZθ is not symmetric. Direct calculation
shows that the matrix functionsθ 7→ Aθ, θ 7→ Bθ

and θ 7→ Cθ are such thatAθθ = ‖θ‖2P θHθθ,
Bθθ = 0 andCθθ = (I l −P θ)θ for eachθ. There-
fore (15) is equivalent to

(‖θ‖2P θHθ + I l − P θ)θ = 0,



which is in turn equivalent to (14), as a simple argu-
ment shows.

Note thatZθθ = 0 is equivalent to

ZT
θ Zθθ = 0 (16)

with ZT
θ Zθ a symmetric matrix. This allowsZT

θ Zθ

to be taken for the ultimate replacement forXθ. The
steps of the resultingconstrained fundamental numer-
ical scheme(CFNS) are given in Figure 2. A neces-

1. Setθ0 = θ̂ALS.

2. Assuming thatθk−1 is known, compute
the matrixZT

θk−1
Zθk−1 .

3. Compute a normalised eigenvector
of ZT

θk−1
Zθk−1 corresponding to the

eigenvalue closest to zero (in absolute
value) and take this eigenvector forθk.

4. If θk is sufficiently close toθk−1, then
terminate the procedure; otherwise in-
crementk and return to Step 2.

FIGURE 2. Constrained fundamental numerical
scheme.

sary condition for CFNS to converge to a solutionθ∗

of (16) is that the smallest (non-negative) eigenvalue
of ZT

θ∗Zθ∗ should be sufficiently well separated from
the remaining eigenvalues. When this condition is
satisfied, the algorithm seeded with an estimate close
enough toθ∗ will produce updates quickly converging
to θ∗.

4. Experiments

We now apply our constrained estimation method
to the problem of fundamental matrix computation.
This may readily be expressed within our general
problem form, the constraint being that the resulting
matrix is singular.

Three different stereo image pairs were used, as
shown in Figure 3. These pairs exhibit variation in
subject matter, and in the camera set-up used for ac-
quisition. Features were detected in each image using
the Harris corner detector [5]. A set of corresponding
points was generated for each pair by manually match-
ing the detected features. The number of matched
points was96 for the grid, 44 for the building, and

FIGURE 3. The grid, building, and soccer ball
stereo image pairs.

55 for the soccer ball. For each estimation method,
the entire set of matched points was used to compute a
fundamental matrix. The covariances of the data were
assumed to be default identity matrices corresponding
to isotropic homogeneous noise in image point mea-
surement.

The basic methods used were:

• ALS = Algebraic Least Squares
• FNS = Fundamental Numerical Scheme
• CFNS = Constrained FNS
• GS = Gold Standard Method

The FNS method has previously been shown to be
operationally equivalent to using a minimisation pro-
cedure such as Levenberg–Marquardt’s directly on
JAML [3]. Prior to running ALS, FNS and CFNS, the
data were normalised with the use of Hartley’s algo-
rithm [6]. In our tests, this normalisation improved the
performance of ALS markedly and had negligible im-
pact on FNS. However, we observed that data normal-
isation is a critical requirement for the successful im-
plementation of CFNS; the CFNS algorithm failed to
converge when used with raw image data. (It emerges
that normalisation of the data acts to improve separa-
tion of the smaller eigenvalues of the matricesZT

θ Zθ



JAML |φ|
FNS 4.876 1.617× 10−11

FNS+ 9.493 0
CFNS 4.997 3.179× 10−20

CFNS+ 4.997 0

TABLE 1. JAML and |φ| values for FNS and
CFNS before and after SVD rank-2 correction:
grid images case.

involved.) GS is the (MLE) Hartley-Zisserman Gold
Standard method [7] seeded with the FNS estimate.

The constraint that a fundamental matrix should
have determinant zero (and hence have rank 2) is ig-
nored by the ALS and FNS methods. Therefore their
estimates are not generally usable without modifica-
tion. Given a particular method M, we shall use the
notation M+ to indicate that a direct rank-2 correc-
tion to the M estimate is made. An estimateF̂ with
‖F̂ ‖F = 1 is modified to a rank-2 matrix̂F c with
‖F̂ c‖F = 1 by minimising the distance‖F̂ − F̂ c‖F

subject to the conditiondet F̂ c = 0, where‖ · ‖F de-
notes the Frobenius norm. This is implemented sim-
ply by performing an SVD of the estimate, setting the
smallest singular value to zero, and recomposing. We
follow the advice of Hartley and perform this correc-
tion before back-transforming the estimate.

We additionally employ a more sophisticated
rank-2 correction method to FNS that we denote
FNS++. It is the composition of three methods: FNS;
a more sophisticated, iterative, Kanatani-like correc-
tion method; and SVD correction (a final step to secure
generation of perfectly rank-2 estimates). The iterative
correction is obtained by means of the process

θk+1 = θk − [∂θφ(θk)H−1
θk

[∂θφ(θk)]T ]−1

× φ(θk)H−1
θk

[∂θφ(θk)]T ,

whereH−1
θk

denotes the pseudo-inverse ofHθk
.

Each estimator was used to generate a fundamen-
tal matrix. The values ofJAML and the constraint
residual|φ| are shown for various methods in Table 1.
The intention here is to demonstrate the effects of
SVD rank-2 correction upon estimates obtained. It
emerges that, although FNS provides estimates with
low values ofJAML, the SVD rank-2 correction pro-
cess (which renders usable fundamental matrices) con-
siderably worsens the cost function values (ALS esti-
mates also suffer this degradation after correction). In
contrast CFNS generates estimates with low values of

Grid Building Soccer

ALS+ 15.06 5.347 0.799
FNS+ 9.493 4.883 0.813
FNS++ 4.997 2.052 0.442
CFNS+ 4.997 1.878 0.442
GS+ 5.014 1.879 0.442

TABLE 2. JAML values for various rank-2 esti-
mates.

Grid Building Soccer

ALS+ 0.326 0.285 0.0926
FNS+ 0.263 0.275 0.0933
FNS++ 0.188 0.173 0.0681
CFNS+ 0.188 0.163 0.0681
GS+ 0.188 0.163 0.0681

TABLE 3. MLE cost function errors for various
rank-2 estimates.

JAML that are unaffected by subsequent rank-2 cor-
rection. In other words, CFNS+ considerably outper-
forms FNS+.

In Table 2 values ofJAML are given for the meth-
ods FNS+, FNS++, CFNS+, and GS+. Note that the
ancillary constraint is in all cases perfectly satisfied.
CFNS+ and GS+ give the best results and are essen-
tially inseparable, while FNS++ is only slightly be-
hind. FNS+ and ALS+ lag much further behind.

Similar results are presented in Table 3, except that
comparison is made using the MLE (Gold Standard)
residual. Once again, CFNS+ has a lower error than
FNS+, a slightly lower error than FNS++, and is on par
with the much more computationally intensive GS+.

5. Conclusion

The JAML cost function has been shown in many
previous studies to be an important factor in obtain-
ing a first-order approximation to a maximum likeli-
hood estimate. Earlier work of the authors showed
that FNS is a theoretically well-founded and efficient
method for finding the minimiser ofJAML, given an
initial estimate in the neighbourhood of the global
minimum. However, our experiments with fundamen-
tal matrix estimation show that SVD rank-2 correction
of JAML’s minimiser acts to considerably worsen the
JAML residual.



CFNS is a variant of the FNS method which in-
corporates constraint in an integrated manner, aiming
simultaneously to minimiseJAML and a constraint-
based expression. Our experiments suggest that CFNS
achieves a smaller value ofJAML than is attained by
either SVD rank-2 corrected FNS or SVD rank-2 cor-
rected ALS. It produces only slightly smaller error
than the slower, iteratively rank-2 corrected FNS, but
has the advantage of being a conceptually sounder, in-
tegrated method for constrained minimisation. Fur-
thermore, when compared with the much slower FNS-
seeded GS, it gives almost identical results, both in
terms ofJAML residual and GS’s MLE cost function
residual. Future research will test the further applica-
bility and utility of CFNS.
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