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ABSTRACT

Generalised Principal Component Analysis (GPCA) is a
recently devised technique for fitting a multi-component
structure to data. Unlike other methods which intertwine the
processes of estimating structure components and segment-
ing data points into clusters associated with putative com-
ponents, GPCA estimates a multi-component structure with
no recourse to data clustering. The standard GPCA algo-
rithm searches for an estimate by minimising an appropriate
misfit function. The underlying constraints on the model pa-
rameters are ignored. Here we promote a variant of GPCA
that incorporates the parameter constraints and exploits con-
strained rather than unconstrained minimisation of the error
function. The output of any GPCA algorithm hardly ever
perfectly satisfies the parameter constraints. The new ver-
sion of GPCA greatly facilitates the final correction of the
algorithm output to satisfy perfectly the constraints, making
this step less prone to error in the presence of noise. The
method is applied to the problem of fitting a pair of lines to
noisy image points, but has potential for use in more general
multi-component structure fitting.

1. INTRODUCTION

One of the challenges of image analysis and computer vi-
sion is to develop effective ways to fit a multi-component
structure to data. A classical example problem is fitting
multiple lines to data [1,2]. Several methods have been pro-
posed for solving this particular task, including those based
on the Hough transform [3], K-means, EM, LMedS and
RANSAC algorithms [4]. More recently, there has been in-
terest in fitting multiple linear manifolds to data. This more
general problem arose in the analysis of dynamical scenes
in computer vision in connection with the recovery of mul-
tiple motion models from image data [5, 6]. To tackle it,
a new approach has been put forth under the label of the
generalised principle component analysis (GPCA) [7, 8].
The GPCA method employs a parametric model in which
parameters describe a multi-component structure to which
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various parts of a data set adhere. The number of compo-
nents is assumed to be fixed and known beforehand. The
relationship between data and components is encoded in a
multivariate polynomial. In the special, but representative,
case of multi-line fitting, the components are lines, the order
of the polynomial coincides with the number of the com-
ponents, and the recovery of the components is achieved
by factoring the polynomial into a product of multivari-
ate monomials, each corresponding to a separate line. The
success of the whole procedure rests upon generation of a
meaningful polynomial to factor.

This paper presents a variant of GPCA which advocates
the use of constrained optimisation as a crucial step in com-
ponent recovery. We concentrate on a particular problem of
fitting two lines to data as in this case the underlying anal-
ysis is particularly simple and illuminating. Notwithstand-
ing the specificity of our presentation, the multi-line and,
more generally, multi-component fitting problems can be
treated—upon suitable modification—within the same gen-
eral framework.

At the technical level, the contribution of the paper is
three-fold. First, it gives a statistically sound cost function
measuring how well a given model instance describes the
data. The cost function is evolved by applying the max-
imum likelihood principle to a Gaussian model of errors
in the data. Second, a pair of lines is shown to be effec-
tively estimated by minimising the cost function subject to
a certain parameter constraint. A novel iterative method for
computing a constrained minimiser is given. Finally, a sim-
ple method is presented for converting nearly optimal esti-
mates obtained by iterative constrained optimisation tech-
niques (hyperbolae with high eccentricity) into estimates
representing a correct geometric structure (pairs of lines).

The original GPCA algorithm [6, 7] employs algebraic
factorisation of a multivariate polynomial whose coeffi-
cients are obtained via unconstrained minimisation of a
cost function equivalent to the one used in the present pa-
per. The method does not require data segmentation and in
that differs from iterative methods like K-means and EM
which alternate between estimating structure components
and grouping the data around individual components. How-



ever, because of its reliance on computation of roots of
polynomials—a numerically fragile operation—the GPCA
algorithm is sensitive to noise. To curb adverse effects of
noise, the subsequent version of GPCA [5, 8] uses polyno-
mial differentiation instead of polynomial factorisation, but
at the cost of employing some form of data segmentation—
one data point per component is needed to effectuate the
estimation step.

The present paper shows—and this is its main concep-
tual contribution—that the approach taken by the original
version of GPCA can be sustained even in the presence of
moderate noise if unconstrained minimisation is replaced
by constrained minimisation. We demonstrate empirically
that constrained optimisation leads, in practice, to estimates
that can be encoded into nearly factorisable polynomials.
These estimates can be upgraded to estimates corresponding
to perfectly factorisable polynomials by means of a simple
correction procedure. Because a minor adjustment of the
unconstrained minimiser is needed, the upgrading proce-
dure operates reliably. Rather then use polynomial factori-
sation, the correction procedure in our version of the GPCA
involves singular value decomposition. Its simple form re-
flects the special nature of the estimation problem consid-
ered.

The estimate obtained by applying the method presented
in the paper represents a pair of lines and as such is an in-
stance of a conic—a degenerate conic. Thus, effectively,
our variant of GPCA is a method for degenerate-conic fit-
ting and can be viewed as an addition to the growing body
of algorithms for fitting to data a conic of a type specified in
advance [9–12].

2. BACKGROUND

A line is a focus of points x = [m1,m2]T in the Euclidean
plane R2 satisfying the equation

l1m1 + l2m2 + l3 = 0.

Employing homogeneous coordinates m = [m1,m2, 1]T

and l = [l1, l2, l3]T , the same line can be identified with the
subset of the projective plane P2 given by Zl = {m ∈ P2 |
lT m = 0}. A conic is a locus of points x = [m1,m2]T

satisfying the equation

am2
1 + bm1m2 + cm2

2 + dm1 + em2 + f = 0,

where a, b and c are not all zero. Introducing the symmetric
matrix C

C =

 a b/2 d/2
b/2 c e/2
d/2 e/2 f

 ,

the same conic can be described as ZC = {m ∈ P2 |
mT Cm = 0}. A non-degenerate conic satisfies det C 6=

0 and is either an ellipse, or a parabola, or a hyperbola de-
pending on whether the discriminant ∆ = b2−4ac is nega-
tive, zero or positive. If det C = 0, then the conic is degen-
erate. A degenerate conic represents either two intersecting
lines, a (double) line, or a point, as we now critically recall.

A union of two lines, Zl1 ∪ Zl2 , obeys

lT1 m · lT2 m = mT l1l
T
2 m = 0

or equivalently, given that mT l1l
T
2 = mT l2l

T
1 m = 0,

mT (l1lT2 + l2l
T
1 )m = 0. (1)

With C = l1l
T
2 + l2l

T
1 , a symmetric matrix, the above

equation can be rewritten as mT Cm = 0, showing that
Zl1 ∪ Zl2 is identical with the conic ZC . The matrices lil

T
j

are rank-1, so the rank of C is no greater than 2 and the
conic is degenerate. If l1 = l2, then ZC represents a single,
repeated line; in this case the conic equation (lT1 m)2 = 0
is equivalent to the line equation lT1 m = 0. Finally, a
point [p1, p2]T can be represented as the degenerate conic
(m1 − p1)2 + (m2 − p2)2 = 0 corresponding to

C =

 1 0 −p1

0 1 −p2

−p1 −p2 p2
1 + p2

2

 .

To see that a pair of lines, a double line and a point
are the only possible types of degenerate conic, suppose
that C is a non-zero symmetric singular matrix. Then C
admits an eigenvalue decomposition (EVD) of the form
C = V DV T , where V is an orthogonal 3× 3 matrix and
D = diag(λ1, λ2, λ3), with λi (i = 1, 2, 3) a real num-
ber [13]. The eigenvalue decomposition differs from the
singular value decomposition (SVD) of C in that the latter
uses two orthogonal, possibly different, matrices U and V ,
and that the former uses a diagonal matrix whose entries are
not necessarily non-negative. However, the EVD and SVD
of the symmetric C are closely related—any of the two or-
thogonal factors U , V in the SVD can serve as V in the
EVD, and D in the EVD can be obtained from the diago-
nal factor in the SVD by placing a minus sign before each
diagonal entry for which the corresponding columns in U
and V differ by a sign, with all remaining entries left in-
tact. For each i = 1, 2, 3, let vi be the ith column vector
of V . Then, clearly, vi is an eigenvector of C correspond-
ing to the eigenvalue λi, Cvi = λivi, and, moreover, C =∑3

i=1 λiviv
T
i . Now det C = λ1λ2λ3 = 0 so one eigen-

value, say λ3, is zero, implying that C =
∑2

i=1 λiviv
T
i . If

another eigenvalue, say λ2, is zero too, then C = λ1v1v
T
1

and, since the remaining eigenvalue, λ1, has to be non-zero,
ZC coincides with the line Zv1 . If λ3 is the only zero eigen-
value, then there are two possibilities—either λ1 and λ2 are
of same sign, or λ1 and λ2 are of opposite signs. In the first
case ZC reduces to the linear span of v3 = [v13, v23, v33]T



and represents a single point in P2; if v33 6= 0, then this
point is part of R2 and is given by [v13/v33, v23/v33, 1]T . In
the other case, ZC represents a pair of lines in P2. Indeed,
without loss of generality, we may suppose that λ1 > 0 and
λ2 < 0. Then

λ1v1v
T
1 + λ2v2v

T
2 = l1l

T
2 + l2l

T
1 ,

where l1 =
√

λ1v1 +
√
−λ2v2 and l2 =

√
λ1v1 −√

−λ2v2. Consequently,

mT Cm = mT l1l
T
2 m + mT l2l

T
1 m = 2(lT1 m)(lT2 m),

so ZC is the union of the lines Zl1 and Zl2 . The identi-
fication of ZC with Zl1 ∪ Zl2 via the factorisation of the
binomial mT Cm as above exemplifies the general factori-
sation principle underlying GPCA.

3. ESTIMATION PROBLEM

The equation for a conic ZC can alternatively be written as

θT u(x) = 0, (2)

where θ = [θ1, · · · , θ6]T = [a, b, c, d, e, f ]T and u(x) =
[m2

1,m1m2,m
2
2,m1,m2, 1]T . The singularity constraint

det C = 0 can be written as

φ(θ) = 0, (3)

where φ(θ) = θ1θ3θ6 − θ1θ
2
5/4 − θ2

2θ6/4 + θ2θ4θ5/4 −
θ2
4θ3/4. Note that φ is homogeneous of degree 3—that is

such that
φ(tθ) = tκφ(θ) (4)

for every non-zero scalar t, with κ = 3 the index of homo-
geneity.

Together, equations (2) and (3) form a parametric model
that encapsulates the configuration comprising a pair of
lines and a point at one of these lines. In this setting, θ
is the vector of parameters representing the lines and x is
the ideal datum representing the point.

Associated with this model is the following estimation
problem: Given a collection x1, . . . ,xn of observed data
points and a meaningful cost function that characterises the
extent to which any particular θ fails to satisfy the sys-
tem of copies of equation (2) associated with x = xi

(i = 1, . . . , n), find θ 6= 0 satisfying (3) for which the cost
function attains its minimum.

Use of the Gaussian model of errors in data in conjunc-
tion with the principle of maximum likelihood leads to the
approximated maximum likelihood (AML) cost function

JAML(θ;x1, . . . ,xn) =
n∑

i=1

θT u(xi)u(xi)T θ

θT ∂xu(xi)Λxi∂xu(xi)T θ
,

where, for any length 2 vector y, ∂xu(y) denotes the 6× 2
matrix of the partial derivatives of the function x 7→ u(x)
evaluated at y, and, for each i = 1, . . . , n, Λxi

is a 2 × 2
symmetric covariance matrix describing the uncertainty of
the data point xi [14–16]. If JAML is minimised over those
non-zero parameter vectors for which (3) holds, then the
vector at which the minimum of JAML is attained, the con-
strained minimiser of JAML, defines the approximated max-
imum likelihood estimate θ̂AML. The unconstrained min-
imiser of JAML obtained by ignoring the constraint (3) and
searching over all of the parameter space defines the un-
constrained approximated likelihood estimate, θ̂u

AML. The
function θ 7→ JAML(θ;x1, . . . ,xn) is homogeneous of de-
gree zero and the zero set of φ is invariant to multiplica-
tion by non-zero scalars, so both θ̂AML and θ̂u

AML are de-
termined only up to scale. Obviously, θ̂AML is the preferred
estimate of θ, with θ̂u

AML being the second best choice.

4. UNCONSTRAINED MINIMISATION

The unconstrained minimiser θ̂u
AML satisfies the optimality

condition for unconstrained minimisation

[∂θJAML(θ;x1, . . . ,xn)]θ=bθu
AML

= 0T

with ∂θJAML the row vector of the partial derivatives of
JAML with respect to θ. Direct computation shows that

[∂θJAML(θ;x1, . . . ,xn)]T = 2Xθθ,

where

Xθ =
n∑

i=1

Ai

θT Biθ
−

n∑
i=1

θT Aiθ

(θT Biθ)2
Bi,

Ai = u(xi)u(xi)T , Bi = ∂xu(xi)Λxi∂xu(xi)T .

The optimality condition rewritten as

[Xθθ]θ=bθu
AML

= 0 (5)

serves as the basis for isolating θ̂u
AML. Two Newton-like

iterative algorithms can be used for solving (5). The funda-
mental numerical scheme (FNS) [15] exploits the fact that
a vector θ satisfies (5) if and only if it is a solution of the
ordinary eigenvalue problem

Xθξ = λξ

corresponding to the eigenvalue λ = 0. Given a cur-
rent approximate solution θc, an updated solution θ+ takes
the form of a normalised eigenvector corresponding to the
eigenvalue closest to zero in absolute value. The iterative
process can be started by computing the algebraic least
squares (ALS) estimate, θ̂ALS, defined as the unconstrained
minimiser of the cost function JALS(θ;x1, . . . ,xn) =



‖θ‖−2
∑n

i=1 θT Aiθ, with ‖θ‖ = (
∑6

j=1 θ2
j )1/2. The es-

timate θ̂ALS coincides, up to scale, with an eigenvector of∑n
i=1 Ai for the smallest eigenvalue, and this can be found

via singular value decomposition as the right singular vec-
tor of the matrix [u(x1), . . . ,u(xn)]T corresponding to the
smallest singular value.

With Mθ =
∑n

i=1(θ
T Biθ)−1Ai and Nθ =∑n

i=1(θ
T Aiθ)(θT Biθ)−2Bi, equation (5) can equiva-

lently be restated as

Mθθ = Nθθ, (6)

where the evaluation at θ̂u
AML is dropped for clarity.

The heteroscedastic errors-in-variables scheme in its basic
form, or HEIV with intercept [17–19], is based upon the ob-
servation that a vector θ satisfies (6) if and only if it is a
solution of the generalised eigenvalue problem

Mθξ = λNθξ (7)

corresponding to the eigenvalue λ = 1. Given a current
approximate solution θc, an updated solution θ+ is taken to
be a normalised eigenvector of the eigenvalue problem (7)
corresponding to the eigenvalue closest to zero in absolute
value. Again the iterative process can be seeded with θ̂ALS.

5. CONSTRAINED MINIMISATION

A natural means for isolating the constrained minimiser
θ̂AML is the constrained fundamental numerical scheme
(CFNS) [20]. The scheme is a variant of FNS in which Xθ

is replaced by a more complicated symmetric matrix. As
it turns out, CFNS is sensitive to the choice of the under-
lying coordinate system and its practical success depends
critically on good pre-conditioning. This is so because not
only the initial estimate has to be sufficiently close to the
sought-after solution (as is the case with all Newton-like
methods), but also the smallest eigenvalue of the counter-
part of Xθ used in iterations has to be well separated from
the remaining eigenvalues. As a rule, to meet these condi-
tions, a transformation of the data-related variables needs to
be applied as a pre-process and a conformal transformation
of the parameters-related variables has to follow in a post-
process. Work on a suitable pre-conditioning for the case in
question is in progress.

A more conventional approach to constrained minimisa-
tion relies on the adoption of Kanatani’s adjustment proce-
dure [16]. It is an iterative process operating on the result of
unconstrained minimisation, θ̂u

AML, by means of the update
rule

θ+ = θc − [∂θφ(θc)Λθc∂θφ(θc)T ]−1

× φ(θc)Λθc∂θφ(θc)T .

Here Λθ = Qθ(Xbθu
AML

)−Qθ, with the notation A− for
the Moore-Penrose pseudo-inverse of A, Qθ = I l −
‖θ‖−2θθT , with I l the l× l identity matrix and l the length
of θ, here set to 6. The limit estimate obtained via this
method can be viewed as an approximate constrained min-
imiser of JAML.

In an effort to find an alternative to CFNS capable of
computing the genuine constrained minimiser for the prob-
lem to hand, we have developed a novel method which is
akin to Kanatani’s adjustment procedure. It exploits iter-
atively the sequential quadratic programming (SQP) steps
expressed by

θ+ = θc − [∂θφ(θc)H−
θc

∂θφ(θc)T ]−1

× κ + 1
2

φ(θc)H−
θc

∂θφ(θc)T .

Here—let us recall—κ is the homogeneity index of φ (equal
to 3) and Hθ is the Hessian of JAML at θ, given explicitly
by Hθ = 2(Xθ − T θ), where

T θ =
n∑

i=1

2
(θT Biθ)2

[
AiθθT Bi + BiθθT Ai

−2
θT Aiθ

θT Biθ
BiθθT Bi

]
.

When started close to θ̂AML and repeated until convergence,
the scheme delivers θ̂AML. The SQP process can, but not
necessarily must, be initialised with θ̂u

AML. It is the lack
of a tight pinning to the result of unconstrained minimisa-
tion that differentiates the new technique from Kanatani’s
method.

It should be noted that while the value of the constraint
residual |φ| at successive updates generated by any itera-
tive constrained minimisation technique like SQP systemat-
ically decreases as the computation progresses, the singular-
ity constraint is hardly ever perfectly satisfied. The nearly
perfect, but not ideal, satisfaction of the constraint means
that, geometrically, the estimates are not pairs of lines, but
are hyperbolae of high eccentricity—that is, hyperbolae that
are elongated and have flat branches.

6. EVD CORRECTION

To ensure that two-line fitting algorithms produce usable es-
timates, a method is required for enforcing the perfect sat-
isfaction of the singularity constraint. The method should
be applicable to the final output of any two-line estimation
procedure and, ideally, should deliver the result of the con-
straint enforcement in the form of a pair of lines. Here we
describe one such correction technique based on EVD. It
is tuned to fitting a pair of lines and does not directly gen-
eralise to fitting larger sets of lines. The method can be
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Fig. 1. An example data set and corresponding (true) pair
of lines.

viewed as an alternative to the factorisation technique pro-
posed in [7].

A given estimate is first reshaped to take the form of a
symmetric matrix C. Then EVD is performed on C yield-
ing C = V DV T with V = [v1,v2,v3] orthogonal and
D = diag(λ1, λ2, λ3), |λ1| ≥ |λ2| ≥ |λ3|. Finally, C is
modified to Cc = V DcV

T , where Dc = diag(λ1, λ2, 0).
The corrected estimate Cc now perfectly satisfies the singu-
larity constraint. This estimate can further be reinterpreted
in accordance with the geometric nature of the associated
set ZCc . If λ1 and λ2 are of opposite signs, then ZCc is the
pair of lines

l1 =
√

sgn(λ1)λ1v1 +
√

sgn(λ2)λ2v2,

l2 =
√

sgn(λ1)λ1v1 −
√

sgn(λ2)λ2v2.
(8)

If λ2 = 0, then ZCc
is the double line v1. If λ1 and

λ2 are of same sign, then ZCc represents the point v3 =
[v13, v23, v33]T in P2, which, when v33 6= 0, belongs to R2

and is given by [v13/v33, v23/v33, 1]T . The last case can
be viewed as exceptional and is not expected to arise fre-
quently. In a typical situation, the input estimate C is such
that the associated values λ1 and λ2 have opposite signs
and the corrected estimate Cc is geometrically represented
by the lines l1 and l2 given in (8).

7. EXPERIMENTS

To assess potential benefits stemming from the use of con-
strained optimisation in the realm of GPCA, we carried out
a simulation study. Three algorithms, ALS, HEIV and SQP,
were set to compute a pair of lines from synthetic data. We
utilised a particular version of HEIV, namely the reduced
HEIV scheme, or HEIV without intercept, that operates es-

Method JAML Rank-2 JAML

ALS 1.581251× 102 2.396241× 104

HEIV 3.814370 1.494355× 104

SQP 3.827415 3.827590

Table 1. Averages of testing results.

Method JAML Rank-2 JAML

ALS 1.164933 1.041400
HEIV 0.8503677 0.9816603
SQP 0.8952145 0.8952288

Table 2. Medians of testing results.

sentially over a subspace of the parameter space of one di-
mension less [19]. The covariances of the data employed by
HEIV and SQP were assumed to be the default 2 × 2 iden-
tity matrix corresponding to isotropic homogeneous noise
in image measurement.

To create data for our study, we randomly generated 10
pairs of lines. Along each line, in a section spanning 100
pixels in the x direction, 50 points were generated by sam-
pling from a uniform distribution. To these points homoge-
neous zero-mean Gaussian noise was added with standard
deviation of 1 pixel. This data was generated so as to repre-
sent the kinds of line segment that may be found by an edge
detector. An example of the data is given in Figure 1.

Each estimator was applied to the points generated from
each of the 10 pairs of lines and the resulting estimates were
recorded and evaluated. As a measure of performance, we
used the AML cost function, with the standard value of
JAML averaged across the points in the image.

To ensure that the outputs of the algorithms can be inter-
preted as genuine pairs of lines, all estimates were post-hoc
EVD corrected. The JAML value of the corrected estimates,
Rank-2 JAML, is given in the rightmost columns in Tables 1
and 2. It is this Rank-2 JAML number that is the most infor-
mative indicator of the performance of a particular method.

Tables 1 and 2 give the cost function values for 3 types
of estimates. Table 1 shows that, on average, HEIV is
an effective minimiser of JAML, and that SQP coupled
with EVD correction produces better results that the EVD-
corrected HEIV scheme. Moreover—and this is a critical
observation—when applied to the SQP estimate, EVD cor-
rection leaves the JAML value virtually unaffected (unlike
in the case of the HEIV estimate, where EVD correction
markedly worsens the JAML value). This confirms that
the result of constrained optimisation has an almost opti-
mal form and that EVD correction in this case amounts to a
tiny push, which can be stably executed in the presence of



noise.
Table 2 presents the results of the same tests but reports

the median, rather than mean, of the JAML values. As the
median is usually more representative of the central ten-
dency of a sample set than the mean, Table 2 provides a
better indication of the performance of the algorithms on a
typical trial.

8. CONCLUSIONS AND FUTURE WORK

We have presented a novel version of GPCA for the case
of fitting a pair of lines to data, with a message extending
to the general case of multi-component estimation. At the
core of our formulation lies the reduction of the underly-
ing estimation problem to minimisation of an error function
having solid statistical foundations, subject to a parameter
constraint. We have proposed a technique for isolating a
constrained minimiser of that function. Preliminary exper-
iments show that our algorithm provides better results than
the standard GPCA based on unconstrained minimisation of
the error function.

There are clearly a number of ways in which the work
reported in this paper can be extended. The case of mul-
tiple lines can be approached starting from the observation
that equation (1) characterising a pair of lines can equiv-
alently be written as (l1 ⊗s l2)T (m ⊗ m) = 0, where
l1 ⊗s l2 = (l1 ⊗ l2 + l2 ⊗ l1)/2 is the symmetric ten-
sor product of l1 and l2, and ⊗ denotes the Kronecker (or
tensor) product. More generally, the equation for an aggre-
gate of k lines is (l1 ⊗s · · · ⊗s lk)T (m ⊗ · · · ⊗ m) = 0,
where l1 ⊗s · · · ⊗s lk = (k!)−1

∑
σ∈Sk

lσ(1) ⊗ · · · ⊗ lσ(k)

and Sk is the symmetric group on k elements. It is known
that the totally decomposable symmetric tensors of the form
l1 ⊗s · · · ⊗s lk constitute an algebraic variety within the
space of all symmetric tensors [21]. However, no explicit
formula for the underlying constraints is known (this is a
fundamental difference with the case of totally decompos-
able antisymmetric tensors). Working out these constraints
in concrete cases like those involving low values of k will
immediately allow the new version of GPCA to cope with
larger multi-line structures. More generally, progress in ap-
plying the constrained GPCA to estimating more compli-
cated multi-component structures will strongly depend on
successful identification of relevant constraints.
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